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2 LMAC, Université de Technologie de Compiègne
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Phylogenetic Comparative Methods

Callithrix jacchus
Callithrix penicillata
Callithrix kuhlii
Callithrix aurita
Mico humeralifer
Mico chrysoleucus
Mico argentatus
Cebuella pygmaea
Callimico goeldii
Leontopithecus chrysomelas
Leontopithecus rosalia
Saguinus bicolor
Saguinus midas
Saguinus mystax
Saguinus fuscicollis
Aotus azarae
Aotus nigriceps
Cebus apella
Cebus robustus
Cebus albifrons
Cebus capucinus
Saimiri sciureus
Saimiri boliviensis
Ateles geoffroyi
Ateles marginatus
Ateles paniscus
Ateles chamek
Brachyteles hypoxanthus
Brachyteles arachnoides
Lagothrix lagotricha
Alouatta macconnelli
Alouatta seniculus
Alouatta caraya
Alouatta belzebul
Alouatta guariba
Alouatta palliata
Alouatta pigra
Cacajao calvus
Cacajao melanocephalus
Chiropotes satanas
Chiropotes chiropotes
Pithecia monachus
Pithecia irrorata
Pithecia pithecia
Callicebus moloch
Callicebus brunneus
Callicebus donacophilus
Callicebus personatus

Cranial size (log CS)

t1/2 = 19.9% t1/2 = 19.9% t1/2 = 131.6% t1/2 = 28.6%

Aristide et al. (2018)

Dellicour et al. (2017)

Vrancken et al. (2015)

• Various time scales: Myr – decade.

• Various traits: morpho, geo, viral.

Question: Trait dynamics for an evolving organism ?
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Outline

Today

• Models of trait evolution.

• The phylogenetic regression.

• Application: HIV virulence heritability.

Tomorow

• Multivariate and heterogeneous models.

• Bayesian inference.

• Application: phylogeography.
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Models of trait evolution

1 Brownian Motion

2 Ornstein-Uhlenbeck

3 Gaussian Models

4 General Diffusion Models
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1 Brownian Motion
• Brownian Motion
• Distribution
• Modelling

2 Ornstein-Uhlenbeck

3 Gaussian Models

4 General Diffusion Models
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Brownian Motion
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X0 = µ; dXt = σ dBt

Brownian Motion:

• Continuous time process.

• Continuous trajectory (almost surely)

• Independent increments: (Xt3 − Xt2) ind. (Xt2 − Xt1)

• Stationary increments: (Xt2 − Xt1) ∼ Xt2−t1 − X0

• Gaussian: Xt ∼ N (X0, σ
2t)
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Brownian Motion:

• Continuous time process.

• Continuous trajectory (almost surely)

• Independent increments: (Xt3 − Xt2) ind. (Xt2 − Xt1)

• Stationary increments: (Xt2 − Xt1) ∼ Xt2−t1 − X0

• Gaussian: Xt ∼ N (X0, σ
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Brownian Motion:

• Continuous time process.

• Continuous trajectory (almost surely)

• Independent increments: (Xt3 − Xt2) ind. (Xt2 − Xt1)

• Stationary increments: (Xt2 − Xt1) ∼ Xt2−t1 − X0

• Gaussian: Xt ∼ N (X0, σ
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Brownian Motion on a Tree (Felsenstein, 1985)
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• The trait evolves like a BM in time

• Speciation → two independent processes

• Only tip values are measured
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• SDE: dXt = σ dBt

• Heredity: X8|X7 ∼ N (X7, σ
2t8)

• Root: Xρ = µ

PB, MDF Stochastic Processes 7/27



Brownian Motion
Ornstein-Uhlenbeck

Gaussian Models
General Diffusion Models

Brownian Motion
Distribution
Modelling

Brownian Motion on a Tree (Felsenstein, 1985)

2004 2005 2006 2007 2008

Y5

Y4

Y3

Y2

Y1

t8

X7

X8

−
4

−
3

−
2

−
1

0
1

2

time (years)

tr
ai

t

2004 2005 2006 2007 2008

Y5

Y4

Y3

Y2 Y1

• SDE: dXt = σ dBt

• Heredity: X8|X7 ∼ N (X7, σ
2t8)

• Root: Xρ = µ

PB, MDF Stochastic Processes 7/27



Brownian Motion
Ornstein-Uhlenbeck

Gaussian Models
General Diffusion Models

Brownian Motion
Distribution
Modelling

Brownian Motion on a Tree (Felsenstein, 1985)

2004 2005 2006 2007 2008

Y5

Y4

Y3

Y2

Y1

t8

X7

X8

−
4

−
3

−
2

−
1

0
1

2

time (years)

tr
ai

t

2004 2005 2006 2007 2008

Y5

Y4

Y3

Y2 Y1

• SDE: dXt = σ dBt

• Heredity: X8|X7 ∼ N (X7, σ
2t8)

• Root: Xρ = µ

PB, MDF Stochastic Processes 7/27



Brownian Motion
Ornstein-Uhlenbeck

Gaussian Models
General Diffusion Models

Brownian Motion
Distribution
Modelling

Variance Structure
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Structure: Xi = Xpa(i) + σ
√
ti × εi , with εi ∼ N (0, 1) iid
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ti × εi , with εi ∼ N (0, 1) iid

Var(X9) = Var(X8) + σ2t9
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Structure: Xi = Xpa(i) + σ
√
ti × εi , with εi ∼ N (0, 1) iid

Var(X9) = σ2V9

Cov(Y4,Y5) = Var(X9) = σ2V9 = σ2V45
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Structure: Xi = Xpa(i) + σ
√
ti × εi , with εi ∼ N (0, 1) iid

Covariances: Cov(Yi ,Yj) = σ2Vij

Distribution: Y ∼ N (µ1n, σ
2V) Gaussian Multivariate
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• Unbounded variance

• No direction
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Outline

1 Brownian Motion

2 Ornstein-Uhlenbeck
• Ornstein-Uhlenbeck
• Variance
• Modelling

3 Gaussian Models

4 General Diffusion Models
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Ornstein-Uhlenbeck

dXt = α[β − Xt ] d t + σ dBt
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Brownian with purpose:

• Gaussian: Xt ∼ N (e−αtX0 + (1− e−αt)β, (1− e−2αt) σ
2

2α)

• Stationary state N (β, σ
2

2α)

• Bounded variance.
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Ornstein-Uhlenbeck
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(1 − e−αt)βt1 2 = ln(2) α
dXt = α[β − Xt ] d t + σ dBt

Deterministic part:

• β: primary optimum (mechanistically defined).

• ln(2)/α: phylogenetic half live.

Stochastic part:

• Xt : trait value (actual optimum).

• σdB(t): Brownian fluctuations.
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OU on a Tree (Hansen, 1997)
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• The trait evolves like a OU in time

• Speciation → two independent processes

• Only tip values only are measured
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• SDE: dXt = α[β − Xt ] d t + σ dBt

• Heredity: X8|X7 ∼ N (e−αt8X7 + (1− e−αt8)β, (1− e−2αt8) σ
2

2α)

• Root: Xρ = µ = β
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Structure: Xi = e−αtiXpa(i) + (1− e−αti )β +
√

(1− e−2αti ) σ
2

2α × εi
with εi ∼ N (0, 1) iid.
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Covariances: Cov [Yi ;Yj ] = σ2

2αe
−α(Vi+Vj )(e2αVij − 1)
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Covariances: Cov [Yi ;Yj ] = σ2

2αe
−α(Vi+Vj )(e2αVij − 1)

Expectaion: E [Yi ] = µe−αVi + β(1− e−αVi )
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2αe
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Expectaion: E [Yi ] = µe−αVi + β(1− e−αVi )

Distribution: Y still Gaussian Multivariate.
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• Bounded variance γ2 = σ2

2α

• Stationary state

• Stabilizing selection
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Non-Identifiability on an Ultrametric Tree

Ultrametric tree: h = Vi for all tip i .

Expectation: All tips have the same expectation

E [Yi ] = µe−αh + β(1− e−αh)

Non-Identifiability µ and β cannont be identified separatly.

Only λ = µe−αh + β(1− e−αh) is identifiable.
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Non-Identifiability on an Ultrametric Tree

• λ = µ = β = 1

• Root in stationary state

• Tips expectation: 1.

• λ = 1, µ = 10, β = −2

• Out of equilibrium.

• Tips expectation: 1.

10
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Evolution of a trait on a shifting adaptive landscape. (a) Simulated evolution of a trait that initially experiences stasis due to stabilizing
selection around an adaptive optimum (blue). Suddenly, the adaptive landscape shifts so that the optimal trait value is lower ( green).
With this shift, the trait immediately starts an exponential approach to the new optimum, which steadily decelerates into stasis around
the new peak on the adaptive landscape. The blue and green bell curves indicate how organismal fitness decreases away from optimal
trait values, and the red curve shows the expectation (average) of this process. (b) An empirical example in which the fossil record
captures the exponential approach to a new adaptive optimum in a lineage of stickleback fish in an ancient lake (Hunt et al. 2008).

temporally separated population means is less than 20% of the within-sample trait variance. In
contrast, traits poorly accounted for by the stasis model (Akaike weight <0.2, n = 109) show much
larger changes over time, on average seven times as large on the same scale (t = 2.89, P = 0.005).

2.3. Punctuations and Other Modes
The three models of stasis, random walks, and directional change are useful in exploring the relative
frequency of different patterns in the fossil record, but they are by no means the only dynamics of
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Gaussian Models
General Diffusion Models

Ornstein-Uhlenbeck
Variance
Modelling

Interpretation and time scale

Long Time Scale: Random fluctuations (Felsenstein, 2004)

• Adaptation is almost instantaneous

• BM: fluctuations of the environement (”secondary optimum”)

• OU: secondary optimum itself goes to a ”primary optimum”

• Empirical, no theoretical justification.

• ”Paradox of stasis” (Hansen and Houle, 2004)
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Gaussian Models
General Diffusion Models

Accelerating / Decelerating Model
General Gaussian Model
Intra-species Variations

Outline

1 Brownian Motion

2 Ornstein-Uhlenbeck

3 Gaussian Models
• Accelerating / Decelerating Model
• General Gaussian Model
• Intra-species Variations

4 General Diffusion Models
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Brownian Motion
Ornstein-Uhlenbeck

Gaussian Models
General Diffusion Models

Accelerating / Decelerating Model
General Gaussian Model
Intra-species Variations

Accelerating / Decelerating Model (Blomberg et al., 2003)

AC/DC: Exponentially increasing / decreasing variance

dXt = σ0e
rt/2dBt

r < 0 : ”Early Burst” model (Harmon et al., 2010)
→ variance decreases in time: ecological radiation

Variance:

Cov(Yi ,Yj) = σ2
0

erVij − 1

r

Note: Equivalent to a single peak OU in some cases.
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General Model

BM, OU: Instance of a general Gaussian propagation model.

BM: qj = 1, rj = 0, Σj = σ2tj .

OU: qj = e−αtj , rj = (1− e−αtj )β, Σj = σ2

2α
(1− e−2αtj ).

Drift, shifts, Integrated OU...

Easy computations (Kalman filter)
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Measurement Errors, Non phylogenetic variations, intra-species variations, ...

“Heritability”: h2 =
V (Ztips)

V (Y)
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Brownian Motion
Ornstein-Uhlenbeck

Gaussian Models
General Diffusion Models
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General diffusions

Outline

1 Brownian Motion

2 Ornstein-Uhlenbeck

3 Gaussian Models

4 General Diffusion Models
• Lévy processes
• General diffusions
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Brownian Motion
Ornstein-Uhlenbeck

Gaussian Models
General Diffusion Models

Lévy processes
General diffusions

Lévy processes

• BM is a Lévy process

• OU is not a Lévy process

Lévy processes

• Continuous time process.

• Independent increments: (Xt3 − Xt2) ind. (Xt2 − Xt1)

• Stationary increments: (Xt2 − Xt1) ∼ Xt2−t1

• Càdlàg trajectory (almost surely)
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Lévy processes
General diffusions
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Lévy processes

• BM is a Lévy process
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Lévy processes (Landis et al., 2013; Duchen et al., 2017)

Lévy-Ito decomposition: X = B + J

• B and J are independent

• B is a BM with rate σ2, B(0) = µ

• J compound Poisson process, rate λ, jumps ∼ N (0, s2
1 )

E(Xi ) = µ and Cov(Xi ,Xj) = Vij(σ
2 + λs2

1 )
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General diffusions (Blomberg et al., 2020)

dXt = b(Xt , t)dt + σ(Xt , t)dBt

Brownian motion is a poor model, and so is Ornstein-Uhlenbeck, but just

as democracy is the worst method of organizing a society“except for all

the other”, so these two models are all we’ve really got that is tractable.

Critics will be admitted to the event, but only if they carry with them

another tractable model. J. Felsenstein, 2008.
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Thank you for listening

Institut Montpelliérain Alexander Grothendieck



References
ToC

Appendices

PB, MDF Stochastic Processes 3/3


	Brownian Motion
	Brownian Motion
	Distribution
	Modelling

	Ornstein-Uhlenbeck
	Ornstein-Uhlenbeck
	Variance
	Modelling

	Gaussian Models
	Accelerating / Decelerating Model
	General Gaussian Model
	Intra-species Variations

	General Diffusion Models
	Lévy processes
	General diffusions

	Appendix

