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1 IMAG, Université de Montpellier, CNRS, paul.bastide@umontpellier.fr
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Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Useful Ressources

• Felsenstein (2004), Chapters 23 to 25.

• Harmon (2019), free online:
http://lukejharmon.github.io/pcm/

• Bastide, Mariadassou, and Robin (2022), in French,
https://hal.archives-ouvertes.fr/hal-03762880

• CRAN Task View: Phylogenetics
https://CRAN.R-project.org/view=Phylogenetics
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Linear Regression

Y = Xβ + σε

• Y observed vector of traits at the tips of the tree (length n)

• X matrix of regressors (size n × p)

• β vector of coefficients (length p)

• ε vector of errors (length n)
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Linear Regression

Y = Xβ + σε

• Y observed vector of traits at the tips of the tree (length n)

• X matrix of regressors (size n × p)

• β vector of coefficients (length p)

• ε vector of errors (length n)

ε ∼ N (0n, In)

+
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Linear Regression: Estimation

Y = Xβ + σε

β̂ = argmin
β∈Rp

n∑
i=1

yi −
p∑

j=1

xijβj

2

= argmin
β∈Rp

‖Y − Xβ‖2

β̂ = (XTX)−1XTY

Ŷ = Xβ̂ = argmin
u∈MX(Rp)

‖Y − u‖2 = PXY

σ̂2 =
1

n − p

n∑
i=1

(yi − ŷi )
2 =

1

n − p
‖Y − Ŷ‖2
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Paul Bastide, Julien Clavel Continuous Trait Evolution 7/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Phylogenetic Linear Regression
Maximum Likelihood Estimation
Phylogenetic ANOVA

Linear Regression: Estimation

Y = Xβ + σε

β̂ = argmin
β∈Rp

n∑
i=1

yi −
p∑

j=1

xijβj

2

= argmin
β∈Rp

‖Y − Xβ‖2

β̂ = (XTX)−1XTY
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Linear Regression: Estimation

Y

x

1

Ŷ

ε̂ = Y − Ŷ
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Linear Regression: Estimation

Y = Xβ + σε

Estimators:

β̂ = (XTX)−1XTY

σ̂2 =
1

n − p
‖Y − Ŷ‖2

Distribution:

β̂k − βk√
σ̂2[(XTX)−1]kk

∼

Tn−p

(n − p)σ̂2

σ2
∼

χ2(n − p)
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Brownian Motion on a Tree

2004 2005 2006 2007 2008

Y5

Y4

Y3

Y2

Y1

V45 −
4

−
3

−
2

−
1

0
1

2

time (years)

tr
ai

t

2004 2005 2006 2007 2008

Y5

Y4

Y3

Y2 Y1

• Variance: Cov(Yi ,Yj) = σ2Vij

• Expectation: µ

• Distribution: Y = µ1 + σE, E ∼ N (0n,V).
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Brownian Motion on a Tree
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Phylogenetic Linear Regression

Y = Xβ + σE

• Y observed vector of traits at the tips of the tree (length n)

• X matrix of regressors (size n × p)

• β vector of coefficients (length p)

• E vector of phylogenetic errors (length n)
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Phylogenetic Linear Regression

Y = Xβ + σE

• Y observed vector of traits at the tips of the tree (length n)

• X matrix of regressors (size n × p)

• β vector of coefficients (length p)

• E vector of phylogenetic errors (length n)

E ∼ N (0n,V)

V informed by the tree and the trait model
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Phylogenetic Linear Regression

Y = Xβ + σE E ∼ N (0n,V)

BM on a tree:

Y5

Y4

Y3

Y2

Y1

2

1

1
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V =



Y1 Y2 Y3 Y4 Y5

Y1 8 3 0 0 0
Y2 3 4 0 0 0
Y3 0 0 6 2 2
Y4 0 0 2 8 3
Y5 0 0 2 3 4
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Phylogenetic Linear Regression

Y = Xβ + σE E ∼ N (0n,V)

BM on a star tree:

Y5

Y4

Y3

Y2

Y1

1

1

1

1

1

1

1

1

1

1

V =



Y1 Y2 Y3 Y4 Y5

Y1 1 0 0 0 0
Y2 0 1 0 0 0
Y3 0 0 1 0 0
Y4 0 0 0 1 0
Y5 0 0 0 0 1
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Generalized Least Squares

Assume that the tree and model (BM) is known.

Y = Xβ + σE, E ∼ N (0n,V)
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Cholesky Decomposition:

V = LLT
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L−1V[L−1]T = I
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Generalized Least Squares

Y = Xβ + σE E ∼ N (0n,V)

L−1Y = (L−1X)β + σE′, E′ ∼ N (0n, I)

Estimators:

β̂ =

((L−1X)T (L−1X))−1(L−1X)TL−1Y

= (XTV−1X)−1XTV−1Y

σ̂2 =

1

n − p
(L−1Y − (L−1X)β̂)T (L−1Y − (L−1X)β̂)

=
1

n − p
(Y − Xβ̂)TV−1(Y − Xβ̂) =

1

n − p
‖Y − Xβ̂‖2

V−1
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Generalized Least Squares

Y = Xβ + σE E ∼ N (0n,V)

Estimators:

β̂ = (XTV−1X)−1XTV−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV−1(Y − Xβ̂) =

1

n − p
‖Y − Xβ̂‖2

V−1

Projection:

Ŷ = Xβ̂ = argmin
u∈MX(Rp)

‖Y − u‖2
V−1 = PV−1

X Y

Orthogonal projection w.r.t. inner product 〈u, v〉V−1 = uTV−1v.
Distribution:

β̂k − βk√
σ̂2[(XTV−1X)−1]kk

∼ Tn−p
(n − p)σ̂2

σ2
∼ χ2(n − p)
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Ŷ = Xβ̂ = argmin
u∈MX(Rp)

‖Y − u‖2
V−1 = PV−1

X Y

Orthogonal projection w.r.t. inner product 〈u, v〉V−1 = uTV−1v.
Distribution:

β̂k − βk√
σ̂2[(XTV−1X)−1]kk

∼ Tn−p
(n − p)σ̂2

σ2
∼ χ2(n − p)

Paul Bastide, Julien Clavel Continuous Trait Evolution 15/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Phylogenetic Linear Regression
Maximum Likelihood Estimation
Phylogenetic ANOVA

Simulated Example - Simple Phylogenetic Regression

library(ape); library(phytools); library(phylolm)

set.seed(12891026)

n <- 100

tree <- rphylo(n, birth = 0.1, death = 0)

plot(tree, show.tip.label = FALSE, no.margin = TRUE)
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Simulated Example - Simple Phylogenetic Regression

# Regressor

x <- rnorm(n, mean = 0, sd = 4)

# Phylogenetic Noise

eps <- rTrait(n = 1, phy = tree, model = "BM",

parameters = list(ancestral.state = 0, sigma2 = 2))

# Response variable

beta0 <- -10

beta1 <- 0.5

y <- beta0 + beta1 * x + eps
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Simulated Example - Simple Phylogenetic Regression

par(mar = c(5, 0, 0, 0) + 0.1)

plot(tree, show.tip.label = FALSE, x.lim = 50)

phydataplot(y, tree, scaling = 0.1, offset = 4)

−35 −5
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Simulated Example - Simple Phylogenetic Regression

# Standard linear regression

fit <- lm(y ~ x)

summary(fit)

##

## Call:

## lm(formula = y ~ x)

##

## Residuals:

## Min 1Q Median 3Q Max

## -15.0118 -3.8956 -0.1975 3.5091 16.1712

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t|)

## (Intercept) -16.4469 0.6578 -25.001 <2e-16 ***

## x 0.3951 0.1661 2.379 0.0193 *

## ---

## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

##

## Residual standard error: 6.577 on 98 degrees of freedom

## Multiple R-squared: 0.0546,Adjusted R-squared: 0.04495

## F-statistic: 5.66 on 1 and 98 DF, p-value: 0.0193

Paul Bastide, Julien Clavel Continuous Trait Evolution 19/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Phylogenetic Linear Regression
Maximum Likelihood Estimation
Phylogenetic ANOVA

Simulated Example - Simple Phylogenetic Regression

# Phylogenetic linear regression

fitphy <- phylolm(y ~ x, phy = tree)

summary(fitphy)

##

## Call:

## phylolm(formula = y ~ x, phy = tree)

##

## AIC logLik

## 559.0 -276.5

##

## Raw residuals:

## Min 1Q Median 3Q Max

## -14.8836 -3.7381 -0.0423 3.6436 16.0813

##

## Mean tip height: 44.10044

## Parameter estimate(s) using ML:

## sigma2: 1.631192

##

## Coefficients:

## Estimate StdErr t.value p.value

## (Intercept) -16.591222 3.487103 -4.7579 6.743e-06 ***

## x 0.452841 0.047507 9.5320 1.256e-15 ***

## ---

## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

##

## R-squared: 0.4811 Adjusted R-squared: 0.4758
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Simulated Example - Simple Phylogenetic Regression

y = −10 · 1 + 0.5 · x + ε
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−
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y
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de
ns

ity
tn−2
(α 2)

tn−2
(1−α 2)

Tn−2

With probability 1− α:

tn−2(α/2) ≤ β̂1 − β1√
σ̂2[(XTV−1X)−1]11

≤ tn−2(1− α/2)
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Simulated Example - Simple Phylogenetic Regression

# Simple linear regression

confint(fit)

## 2.5 % 97.5 %

## (Intercept) -17.75232521 -15.1413842

## x 0.06551631 0.7246207

# Phylogenetic linear regression

confint(fitphy)

## 2.5 % 97.5 %

## (Intercept) -23.4258188 -9.756624

## x 0.3597283 0.545954
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Simulated Example - With Meaningless Group

# Clade

group <- sapply(1:n,

function(tip) tip %in% getDescendants(tree, 103))

names(group) <- tree$tip.label

103

−35 −5
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Simulated Example - With Meaningless Group

# Standard linear regression

fit <- lm(y ~ x + group)

summary(fit)

##

## Call:

## lm(formula = y ~ x + group)

##

## Residuals:

## Min 1Q Median 3Q Max

## -16.4544 -3.7063 -0.0476 3.3292 14.4768

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t|)

## (Intercept) -18.9628 1.0605 -17.881 < 2e-16 ***

## x 0.4617 0.1614 2.860 0.00519 **

## groupTRUE 3.9399 1.3321 2.958 0.00389 **

## ---

## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

##

## Residual standard error: 6.331 on 97 degrees of freedom

## Multiple R-squared: 0.1328,Adjusted R-squared: 0.1149

## F-statistic: 7.428 on 2 and 97 DF, p-value: 0.0009968
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Simulated Example - With Meaningless Group

# Phylogenetic linear regression

fitphy <- phylolm(y ~ x + group, phy = tree)

summary(fitphy)

##

## Call:

## phylolm(formula = y ~ x + group, phy = tree)

##

## AIC logLik

## 560.5 -276.3

##

## Raw residuals:

## Min 1Q Median 3Q Max

## -16.9503 -4.2706 -0.7069 2.5404 14.0122

##

## Mean tip height: 44.10044

## Parameter estimate(s) using ML:

## sigma2: 1.6238

##

## Coefficients:

## Estimate StdErr t.value p.value

## (Intercept) -18.167276 4.225440 -4.2995 4.078e-05 ***

## x 0.453466 0.047653 9.5161 1.488e-15 ***

## groupTRUE 3.642587 5.481397 0.6645 0.5079

## ---

## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

##

## R-squared: 0.4834 Adjusted R-squared: 0.4728
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Reminder: One way ANOVA

K groups, each with nk data points:

yki = µk + σεik , εik ∼ N (0, 1), 1 ≤ k ≤ K , 1 ≤ i ≤ nk

One-way ANOVA:

H0 : µk = µl , ∀1 ≤ k, l ≤ K vs H1 : ∃k, l | µk 6= µl

Group 1 as reference:

yki = µ1 + βk + σεik , with β1 = 0

One-way ANOVA:

H0 : βk = 0, ∀2 ≤ k ≤ K vs H1 : ∃k | βk 6= 0
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Reminder: One way ANOVA

Group 1 as reference:

yki = µ1 + βk + σεik , with β1 = 0

Linear Model:

y = Xβ + σE X = (1, 12, . . . , 1K ) β = (µ1, β2, . . . , βK )T

One-way ANOVA is a Fisher global F test

H0 : βk = 0, ∀2 ≤ k ≤ K vs H1 : ∃k | βk 6= 0

F =
‖ŷ − ȳ‖2/(K − 1)

‖y − ŷ‖2/(n − K )
∼
H0

FK−1
n−K .
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‖y − ŷ‖2/(n − K )
∼
H0

FK−1
n−K .

Paul Bastide, Julien Clavel Continuous Trait Evolution 27/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Phylogenetic Linear Regression
Maximum Likelihood Estimation
Phylogenetic ANOVA

Simulated Example

set.seed(18300718)

n <- 90

# Noise

eps <- rnorm(n, mean = 0, sd = 1)

# Groups

group <- as.factor(rep(c(1, 2, 3), each = n/3))

# Response variable

mu1 <- 2; mu2 <- -5; mu3 <- 2

y <- mu1 * (group == 1) + mu2 * (group == 2) + mu3 * (group == 3)

y <- y + eps

X =



1 0 0
...

...
...

1 0 0
1 1 0
...

...
...

1 1 0
1 0 1
...

...
...

1 0 1


β =

 µ1

µ2 − µ1

µ3 − µ1
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Simulated Example

plot(y, col = group)

0 20 40 60 80

−
6

−
4

−
2

0
2

4

Index

y

Paul Bastide, Julien Clavel Continuous Trait Evolution 29/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Phylogenetic Linear Regression
Maximum Likelihood Estimation
Phylogenetic ANOVA

Simulated Example

fitanova <- lm(y ~ group)

summary(fitanova)

##

## Call:

## lm(formula = y ~ group)

##

## Residuals:

## Min 1Q Median 3Q Max

## -2.8389 -0.6950 0.2115 0.6247 2.0544

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t|)

## (Intercept) 1.92023 0.17258 11.127 <2e-16 ***

## group2 -6.59378 0.24406 -27.017 <2e-16 ***

## group3 -0.02984 0.24406 -0.122 0.903

## ---

## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

##

## Residual standard error: 0.9452 on 87 degrees of freedom

## Multiple R-squared: 0.9176,Adjusted R-squared: 0.9157

## F-statistic: 484.4 on 2 and 87 DF, p-value: < 2.2e-16
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Phylogenetic One way ANOVA

Linear Model:

y = Xβ + σE X = (1, 12, . . . , 1K ) β = (µ1, β2, . . . , βK )T

Phylogenetic Errors (known tree and model)

E ∼ N (0n,V)

One-way ANOVA is a Fisher global F test

H0 : βk = 0, ∀2 ≤ k ≤ K vs H1 : ∃k | βk 6= 0

F =
‖ŷ − ȳ‖2

V−1/(K − 1)

‖y − ŷ‖2
V−1/(n − K )

∼
H0

FK−1
n−K .
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Phylogenetic One way ANOVA

Linear Model:
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Phylogenetic Errors (known tree and model)
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Simulated Example

set.seed(12891026)

n <- 100

# Tree

tree <- rphylo(n, 0.1, 0)

# Noise

eps <- rTrait(1, tree, "BM",

parameters = list(ancestral.state = 0, sigma2 = 2))

# Groups

get_group <- function(tip) {

if (tip %in% getDescendants(tree, 105)) return(2)

if (tip %in% getDescendants(tree, 110)) return(3)

return(1)

}

group <- as.factor(sapply(1:n, get_group))

# Response variable

mu1 <- 2; mu2 <- -5; mu3 <- 2

y <- mu1 * (group == 1) + mu2 * (group == 2) + mu3 * (group == 3)

y <- y + eps
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Simulated Example

par(mar = c(5, 0, 0, 0) + 0.1)

plot(tree, show.tip.label = FALSE, x.lim = 50)

tiplabels(bg = group, pch = 21)

phydataplot(y, tree, scaling = 0.1, offset = 4)

−30 0 30
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Simulated Example

fitanova <- lm(y ~ group)

summary(fitanova)

##

## Call:

## lm(formula = y ~ group)

##

## Residuals:

## Min 1Q Median 3Q Max

## -20.6482 -3.7608 -0.1398 4.0340 13.5348

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t|)

## (Intercept) 2.440 1.121 2.177 0.0319 *

## group2 -15.451 1.634 -9.456 2.01e-15 ***

## group3 9.608 1.634 5.880 5.83e-08 ***

## ---

## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

##

## Residual standard error: 6.726 on 97 degrees of freedom

## Multiple R-squared: 0.7001,Adjusted R-squared: 0.6939

## F-statistic: 113.2 on 2 and 97 DF, p-value: < 2.2e-16
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Simulated Example

fitphyanova <- phylolm(y ~ group, phy = tree)

summary(fitphyanova)

##

## Call:

## phylolm(formula = y ~ group, phy = tree)

##

## AIC logLik

## 554.9 -273.5

##

## Raw residuals:

## Min 1Q Median 3Q Max

## -18.743 -1.787 1.845 6.918 17.064

##

## Mean tip height: 44.10044

## Parameter estimate(s) using ML:

## sigma2: 1.53545

##

## Coefficients:

## Estimate StdErr t.value p.value

## (Intercept) 0.53426 4.10823 0.1300 0.89680

## group2 -14.17576 6.00073 -2.3623 0.02016 *

## group3 7.98443 6.54651 1.2196 0.22556

## ---

## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

##

## R-squared: 0.112 Adjusted R-squared: 0.09374
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Simulated Example

# Non-Phylogenetic groups

group <- as.factor(sample(c(1, 2, 3), n, replace = TRUE))

y <- mu1 * (group == 1) + mu2 * (group == 2) + mu3 * (group == 3)

y <- y + eps
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Simulated Example

par(mar = c(5, 0, 0, 0) + 0.1)

plot(tree, show.tip.label = FALSE, x.lim = 50)

tiplabels(bg = group, pch = 21)

phydataplot(y, tree, scaling = 0.1, offset = 4)

−30 0 30
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Simulated Example

fitanova <- lm(y ~ group)

summary(fitanova)

##

## Call:

## lm(formula = y ~ group)

##

## Residuals:

## Min 1Q Median 3Q Max

## -21.291 -7.377 -1.558 7.438 22.496

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t|)

## (Intercept) 3.0864 1.7317 1.782 0.07783 .

## group2 -7.0041 2.4490 -2.860 0.00519 **

## group3 -0.8096 2.4309 -0.333 0.73982

## ---

## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

##

## Residual standard error: 9.948 on 97 degrees of freedom

## Multiple R-squared: 0.09196,Adjusted R-squared: 0.07324

## F-statistic: 4.912 on 2 and 97 DF, p-value: 0.009292
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Simulated Example

fitphyanova <- phylolm(y ~ group, phy = tree)

summary(fitphyanova)

##

## Call:

## phylolm(formula = y ~ group, phy = tree)

##

## AIC logLik

## 559.6 -275.8

##

## Raw residuals:

## Min 1Q Median 3Q Max

## -18.263 -4.787 1.469 10.331 25.418

##

## Mean tip height: 44.10044

## Parameter estimate(s) using ML:

## sigma2: 1.609363

##

## Coefficients:

## Estimate StdErr t.value p.value

## (Intercept) 0.44856 3.49619 0.1283 0.8982

## group2 -7.39368 0.51250 -14.4267 <2e-16 ***

## group3 -0.33789 0.48929 -0.6906 0.4915

## ---

## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

##

## R-squared: 0.7699 Adjusted R-squared: 0.7652
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Outline

1 Linear Regression Framework

2 Model Fit and Computations
• Computation and Tree Transformation
• Model Selection
• Phylogenetic Mixed Models

3 Multidimensional Models
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Generalized Least Squares

Y = Xβ + σE E ∼ N (0n,V)

Estimators:

β̂ = (XTV−1X)−1XTV−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV−1(Y − Xβ̂)

−2L(Y|θ) = n log(2π) + log det V + (Y − Xβ̂)TV−1(Y − Xβ̂)
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Generalized Least Squares

Y = Xβ + σE E ∼ N (0n,V)

Estimators:

β̂ = (XTV−1X)−1XTV−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV−1(Y − Xβ̂)

−2L(Y|θ) = n log(2π) + log det V + (Y − Xβ̂)TV−1(Y − Xβ̂)

Naive Computation: Need to invert V → worse than O(n2).
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Generalized Least Squares

Y = Xβ + σE E ∼ N (0n,V)

Estimators:

β̂ = (XTV−1X)−1XTV−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV−1(Y − Xβ̂)

−2L(Y|θ) = n log(2π) + log det V + (Y − Xβ̂)TV−1(Y − Xβ̂)

Naive Computation: Need to invert V → worse than O(n2).

Three point structure:
Estimators computed in one traversal of the tree → O(n).

+
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Three Point Structure Algorithm (Ho and Ané, 2014a)

Y = Xβ + σE E ∼ N (0n,V)

Estimators:

β̂ = (XTV−1X)−1XTV−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV−1(Y − Xβ̂)

2L(y|θ) = n log(2π) + log |V|+ (Y − Xβ̂)TV−1(Y − Xβ̂)

Can be computed in linear time.

• Works for a BM on a tree

• Implemented in phylolm

• What about other models ? V = V(θ).
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Phylogenetic Linear Regression

Y = Xβ + σE E ∼ N (0n,V)

BM on a tree:

Y5

Y4

Y3

Y2

Y1

2

1

1

5

4

3

1

5

V =



Y1 Y2 Y3 Y4 Y5

Y1 8 3 0 0 0
Y2 3 4 0 0 0
Y3 0 0 6 2 2
Y4 0 0 2 8 3
Y5 0 0 2 3 4
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Phylogenetic Linear Regression

Y = Xβ + σE E ∼ N (0n,V)

BM on a star tree:

Y5

Y4

Y3

Y2

Y1

1

1

1

1

1

1

1

1

1

1

V =



Y1 Y2 Y3 Y4 Y5

Y1 1 0 0 0 0
Y2 0 1 0 0 0
Y3 0 0 1 0 0
Y4 0 0 0 1 0
Y5 0 0 0 0 1
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Phylogenetic Linear Regression

Y = Xβ + σE E ∼ N (0n,V(α))

OU on a tree:

Y5

Y4

Y3

Y2

Y1

V45

V(α)ij = e−α(Vi+Vj ) e
2αVij − 1

2α
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Tree Transformation Strategy (Pagel, 1999)

Strategy

• See V(θ) as a BM on a modified tree.

• For fixed V(θ), use the fast algorithm.

• Optimize on V(θ) numerically.

Limits

• In general, only works for ultrametric trees.

• Confidence intervals and tests only valid conditionally on θ.
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Tree Transformation Strategy (Pagel, 1999)

Strategy

• See V(θ) as a BM on a modified tree.

• For fixed V(θ), use the fast algorithm.

• Optimize on V(θ) numerically.

Limits

• In general, only works for ultrametric trees.

• Confidence intervals and tests only valid conditionally on θ.

β̂k − βk√
σ̂2[(XTVX)−1]kk

∼ Tn−p
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Pagel’s Lambda

Relax the BM variance structure:

V(λ)ii = Vii

V(λ)ij = λVij

Equivalent to running a BM on a modified tree with:

t(λ)i =

{
λti if i internal node

λti + (1− λ)Vi if i leaf

λ = 1 λ = 0.5 λ = 0
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Pagel’s Lambda

• Used a lot in practice.

• Also exist Pagel’s κ and δ.

• λ ”phylogenetic heritability” (see below).
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Ornstein-Uhlenbeck
0

1
2

3
4
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Xt
β

(1 − e−αt)βt1 2 = ln(2) α
dXt = α[β − Xt ]dt + σdBt

Deterministic part:

• β: primary optimum (mechanistically defined).

• ln(2)/α: phylogenetic half live.

Stochastic part:

• Xt : trait value (actual optimum).

• σdB(t): Brownian fluctuations.

Paul Bastide, Julien Clavel Continuous Trait Evolution 47/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Computation and Tree Transformation
Model Selection
Phylogenetic Mixed Models

Ornstein-Uhlenbeck on a Tree (Hansen, 1997)
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• SDE: dXt = α[β − Xt ]dt + σdBt

• Covariances: Cov [Yi ;Yj ] = σ2

2αe
−α(Vi+Vj )(e2αVij − 1)

• Bounded variance γ2 = σ2

2α

• Stationary state, Stabilizing selection
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Ornstein-Uhlenbeck

Assuming a ultrametric tree with height T :

V(α)ij = e−2αT e2αVij − 1

2α

Equivalent to running a BM on a modified tree with:

Vi (α) = e−2αT e2αVi − 1

2α

t1 2 = ∞  α = 0 t1 2 = 1 t1 2 = 0.25
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Early Burst - AC/DC (Harmon et al., 2010)
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• SDE: dXt = σ0e
rt/2dBt

• Covariances: Cov [Yi ;Yj ] = σ2
0
e
rVij−1
r

• r < 0: Early Burst (Decelerating)

• r > 0: Accelerating
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Early Burst - AC/DC

V(r)ij =
erVij − 1

r

Equivalent to running a BM on a modified tree with:

Vi (r) =
erVi − 1

r

r = 0 r = − 0.5 r = 0.5
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Early Burst - AC/DC - Ornstein-Uhlenbeck (Uyeda et al., 2015)

OU:

σ2V(α)ij = σ2e−2αT e2αVij − 1

2α

AC/DC:

σ2
0V(r)ij = σ2

0

erVij − 1

r

On a ultrametric tree height T , AC/DC is equivalent to OU with:

r = 2α

σ2
0 = σ2e−2αT

Note: case r < 0 (EB) is a ”repulsing OU”.
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Warning: Identifiability

History is different, extent distribution is the same !
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Many identifiability issues on ultrametric trees.
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Warning: Identifiability (Ho and Ané, 2014b)

OU Expectation: All tips have the same expectation

E [Yi ] = µe−αT + β(1− e−αT )
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Only λ = µe−αT + β(1− e−αT ) is identifiable.
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Simulated Example - OU

set.seed(12891026)

n <- 100

# Tree

tree <- rphylo(n, 0.1, 0)

# Parameters

sigma2 <- 1

alpha <- 0.05

sigma2err <- 1

# Trait

trait <- rTrait(1, tree, "OU",

parameters = list(ancestral.state = 0,

sigma2 = sigma2,

alpha = alpha,

optimal.value = 0))

# Non phylogenetic noise

trait <- trait + rnorm(n, mean = 0, sqrt(sigma2err))
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Simulated Example - OU

# Phylogenetic Half-Life

log(2) / alpha

## [1] 13.86294

# Height of the tree

vcv(tree)[1, 1]

## [1] 44.10044

# scaled half-life

log(2) / alpha / vcv(tree)[1, 1]

## [1] 0.3143493

# stationary variance

sigma2 / (2 * alpha)

## [1] 10

# Ratio noise / phylo variance

sigma2err / (sigma2 / (2 * alpha))

## [1] 0.1
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Simulated Example: True Model

phylolm(trait ~ 1, phy = tree, model = "OUfixedRoot",

measurement_error = TRUE)

## Call:

## phylolm(formula = trait ~ 1, phy = tree, model = "OUfixedRoot",

## measurement_error = TRUE)

##

## AIC logLik

## 472.8 -232.4

##

## Parameter estimate(s) using ML:

## alpha: 0.05781095

## sigma2: 1.124237

## sigma2_error: 0.3055167

##

## Coefficients:

## (Intercept)

## 0.1523982
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Simulated Example: Likelihood

all_fits <- list(

BM = phylolm(trait ~ 1, phy = tree, model = "BM"),

BMerr = phylolm(trait ~ 1, phy = tree, model = "BM",

measurement_error = TRUE),

OU = phylolm(trait ~ 1, phy = tree, model = "OUfixedRoot"),

OUerr = phylolm(trait ~ 1, phy = tree, model = "OUfixedRoot",

measurement_error = TRUE))

sapply(all_fits, logLik)

## BM BMerr OU OUerr

## logLik -243.131 -236.6247 -232.5509 -232.3986

## df 2 3 3 4

→ Likelihood is always increases when df increases.
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Simulated Example: AIC

AIC = −2logLik + 2df

sapply(all_fits, AIC)

## BM BMerr OU OUerr

## 490.2619 479.2493 471.1018 472.7971

→ Select model with the smallest AIC.

Paul Bastide, Julien Clavel Continuous Trait Evolution 59/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Computation and Tree Transformation
Model Selection
Phylogenetic Mixed Models

Regime Painting

Phylogenetic ANOVA:

• Test for a known group structure (habitat, ...).

• Each group has its own expectation.

Regime Painting:

• Test for a known group structure (habitat, ...).

• Each group at the tip has its own process parameter
(variance, selection strength, ...)

• Model selection using LRT, AIC, BIC, ...
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Example: OU optima
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Regime Painting: Can we test that orange tips have a different
optimum than others ?
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Example: OU optima (Butler and King, 2004)

Test of several evolutionary hypotheses for species of Anolis
bimaculatus.

Paul Bastide, Julien Clavel Continuous Trait Evolution 62/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Computation and Tree Transformation
Model Selection
Phylogenetic Mixed Models

Regime Painting

Regime Painting:

• Test for a known group structure (habitat, ...).

• Each group at the tip has its own process parameter
(variance, selection strength, ...)

• Model selection using LRT, AIC, BIC, ...

R packages:

• OUwie (univariate) Beaulieu et al. (2012)

• mvMORPH (multivariate) Clavel et al. (2015)
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Regime Painting

Regime Painting:

• Test for a known group structure (habitat, ...).

• Each group at the tip has its own process parameter
(variance, selection strength, ...)

• Model selection using LRT, AIC, BIC, ...

R packages:

• OUwie (univariate) Beaulieu et al. (2012)

• mvMORPH (multivariate) Clavel et al. (2015)

Problem: Shifts (regimes) must be fixed a priori.
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Y = Xβ + σEp Ep ∼ N (0n,V(θ))
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Phylogenetic Regression

Y = Xβ + σEp Ep ∼ N (0n,V(θ))

Phylogenetic Mixed Model

Y = Xβ + σEp + sEe Ee ∼ N (0n, I)

Distinction between:

• The heritable part of the trait

• Variance σ2V(θ) given by the trait evolution on the tree

• The environemental part of the trait

• Variance iid s2 given by the error model
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BM on a Ultrametric Tree
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Zr = µ root

Zj
∣∣∣ Zpa(j) ∼ N

(
Zpa(j), σ2tj

)
nodes

Yi
∣∣∣ Zpa(i) ∼ N

(
Zpa(i), s2

)
obs

Ultrametric tree: Tip variance is constant equal to σ2T

Phylogenetic Heritability:

h2 =
σ2T

σ2T + s2
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Assume a ultrametric tree with height T .
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Assume a ultrametric tree with height T .

BM PMM total variance is:

σ2V + s2I with Diag(V) = T I

Phylogenetic Variance: σ2T
Total Variance: σ2T + s2
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BM on a Ultrametric Tree

Assume a ultrametric tree with height T .

BM PMM total variance is:

σ2V + s2I with Diag(V) = T I

Phylogenetic Variance: σ2T
Total Variance: σ2T + s2

The phylogenetic heritability is defined as:

h2 =
σ2T

σ2T + s2
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Assume a ultrametric tree with height T .
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Pagel’s lambda a Ultrametric Tree

Assume a ultrametric tree with height T .

Pagel’s lambda variance is:

σ2
λV(λ) = σ2

λ [λV + (1− λ)T I]
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Pagel’s lambda a Ultrametric Tree

Assume a ultrametric tree with height T .

Pagel’s lambda variance is:

σ2
λV(λ) = σ2

λ [λV + (1− λ)T I]

BM PMM total variance is:

σ2V + s2I = (σ2 + s2/T )

[
σ2

σ2 + s2/T
V +

(
1− σ2

σ2 + s2/T

)
T I

]
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Pagel’s lambda a Ultrametric Tree

Assume a ultrametric tree with height T .

Pagel’s lambda variance is:

σ2
λV(λ) = σ2

λ [λV + (1− λ)T I]

BM PMM total variance is:

σ2V + s2I = (σ2 + s2/T )

[
σ2

σ2 + s2/T
V +

(
1− σ2

σ2 + s2/T

)
T I

]
The two models are equivalent with:

λ =
σ2T

σ2T + s2
= h2 σ2

λ = σ2 + s2/T
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Pagel’s lambda a Ultrametric Tree

Assume a ultrametric tree with height T .

Pagel’s lambda variance is:

σ2
λV(λ) = σ2

λ [λV + (1− λ)T I]

BM PMM total variance is:

σ2V + s2I = (σ2 + s2/T )

[
σ2

σ2 + s2/T
V +

(
1− σ2

σ2 + s2/T

)
T I

]
The two models are equivalent with:

λ =
σ2T

σ2T + s2
= h2 σ2

λ = σ2 + s2/T

λ is the heritability
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Phylogenetic Mixed Model

Phylogenetic Mixed Model

Y = Xβ + σEp + sEe Ep ∼ N (0n,V(θ)) Ee ∼ N (0n, I)

• Works with any phylogenetic model (BM, OU , EB, ...)

• For a ultrametric tree: tree-transformation.

• For a non-ultrametric tree: more subtle. +
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Outline

1 Linear Regression Framework

2 Model Fit and Computations

3 Multidimensional Models
• Multivariate BM
• Multivariate Ornstein-Uhlenbeck
• Multivariate Phylogenetic Linear Regression
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BM on a Tree
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BM on a Tree
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SDE: dXt = σ dBt

Variance: Cov [Y4;Y5] = σ2 × V45 shared evolution time

Expectation: E [Yi ] = µ ancestral root value
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Distribution: Normal

Y ∼ N (µ1n, σ
2V)
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Multivariate BM
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Data: Vectors of p traits

YT
i = (Yi1, . . . ,Yip)

Tree: Influenza H3N2 (Lemey et al., 2014)
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Multivariate BM

2000 2002 2004 2006
0.5 0.5

Data: Vectors of p traits

YT
i = (Yi1, . . . ,Yip)

SDE: d Xt = Σ d Bt R = ΣTΣ

Variance: Cov [Yik ;Yjl ] = Rkl × Vij shared evolution time

Expectation: E [Y·k ] = µk ancestral root value

Tree: Influenza H3N2 (Lemey et al., 2014)
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Multivariate BM

2000 2002 2004 2006
0.5 0.5

Data: Vectors of p traits

YT
i = (Yi1, . . . ,Yip)

Distribution: Matrix Normal

Y ∼MN (1nµT ,V,R) Var [vec(Y)] = R⊗ V

Tree: Influenza H3N2 (Lemey et al., 2014)
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Vectorisation: stack columns on top of each other

vec(Y) = vec


Y11 Y12 · · · Y1p

Y21 Y22 · · · Y2p
...

...
...

...
Yn1 Yn2 · · · Ynp

 =



Y11

Y21
...

Yn1

Y12

Y22
...

Yn2
...

Y1p

Y2p
...

Ynp



=



Y·1

Y·2

...

Y·p
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Kronecker Product

R⊗ V =

R11V · · · R1pV
...

. . .
...

Rp1V · · · RppV



Cov [Yik ;Yjl ] = Rkl × Vij Cov [Y·k ; Y·l ] = Rkl × V
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Kronecker Product

R⊗ V =

R11V · · · R1pV
...

. . .
...

Rp1V · · · RppV



Cov [Yik ;Yjl ] = Rkl × Vij Cov [Y·k ; Y·l ] = Rkl × V

Var


Y·1

...
Y·p


 =

Cov [Y·1; Y·1] · · · Cov [Y·1; Y·p]
...

. . .
...

Cov [Y·p; Y·1] · · · Cov [Y·p; Y·p]
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Kronecker Product

R⊗ V =

R11V · · · R1pV
...

. . .
...

Rp1V · · · RppV



Cov [Yik ;Yjl ] = Rkl × Vij Cov [Y·k ; Y·l ] = Rkl × V

Var [vec(Y)] = R⊗ V

Paul Bastide, Julien Clavel Continuous Trait Evolution 73/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Multivariate BM
Multivariate Ornstein-Uhlenbeck
Multivariate Phylogenetic Linear Regression

Multivariate BM
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i = (Yi1, . . . ,Yip)
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Estimators

vec(Y) ∼MN (vec(1nµT ),R⊗ V) with V known
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Estimators

vec(Y) ∼MN (vec(1nµT ),R⊗ V) with V known

Cholesky Decomposition:

V = LLT

vec(L−1Y) ∼MN (vec(L−11nµT ),R⊗ In)
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Estimators

vec(Y) ∼MN (vec(1nµT ),R⊗ V) with V known

Cholesky Decomposition:

V = LLT

vec(L−1Y) ∼MN (vec(L−11nµT ),R⊗ In)

Maximum Likelihood Estimators:

µ̂T = (1T
n V−11n)−11T

n V−1Y

R̂ =
1

n − 1
(Y − 1nµ̂T )TV−1(Y − 1nµ̂T )
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Phylogenetic Principal Component Analysis (Revell, 2009)

Diagonalisation of the BM estimated variance:

R̂ = ŴD̂2ŴT

• Ŵi : principal axis i (eigenvectors, Ŵ is p × p orthogonal)

• D̂2
i : variance explained by Ŵi (eigenvalues, D̂2 diagonal)
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Phylogenetic Principal Component Analysis (Revell, 2009)

Diagonalisation of the BM estimated variance:

R̂ = ŴD̂2ŴT

• Ŵi : principal axis i (eigenvectors, Ŵ is p × p orthogonal)
• D̂2

i : variance explained by Ŵi (eigenvalues, D̂2 diagonal)

Scores: Data coordinates in the new system.

Ŝ = (Y − 1nµ̂T )Ŵ

Scores are empirically phylogenetically un-correlated:

ŜTV−1Ŝ =

ŴT (Y − 1nµ̂T )TV−1(Y − 1nµ̂T )Ŵ

= ŴT [(n − 1)R̂]Ŵ

= (n − 1)D̂2
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Phylogenetic Principal Component Analysis (Revell, 2009)

Diagonalisation of the BM estimated variance:

R̂ = ŴD̂2ŴT

• Ŵi : principal axis i (eigenvectors, Ŵ is p × p orthogonal)

• D̂2
i : variance explained by Ŵi (eigenvalues, D̂2 diagonal)

Scores: Data coordinates in the new system.

Ŝ = (Y − 1nµ̂T )Ŵ

Scores are empirically phylogenetically un-correlated:

〈Si ,Sj〉V−1 = 0 ∀ i 6= j
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Phylogenetic Principal Component Analysis (Revell, 2009)

Simulation according to an uncorrelated BM.

Trait A

Tr
ai

t B

true variance
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Phylogenetic Principal Component Analysis (Revell, 2009)

Simulation according to an uncorrelated BM.

Trait A
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Phylogenetic Principal Component Analysis (Revell, 2009)

Simulation according to an uncorrelated BM.

Trait A

Tr
ai

t B

true variance
PCA
pPCA
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Ornstein-Uhlenbeck Modeling (Hansen, 1997)
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Xt
β

(1 − e−αt)βt1 2 = ln(2) α dXt = α[β − Xt ] d t + σ dBt

Deterministic part:

• β: primary optimum (mechanistically defined).

• ln(2)/α: phylogenetic half live.

Stochastic part:

• Xt : trait value (actual optimum).

• σdB(t): Brownian fluctuations.
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OU on a Tree
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OU on a Tree
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SDE: dXt = α[β − Xt ] d t + σ dBt

Variance: Cov [Y4;Y5] = σ2

2αe
−α(V4+V5)(e2αV45 − 1)

Expectation: E [Yi ] = µe−αVi + β(1− e−αVi )
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Multivariate OU Modeling

d Xt = A[β − Xt ] d t + Σ d Bt
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Multivariate OU Modeling
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Multivariate OU

d Xt = A[β − Xt ] d t + Σ d Bt

Diagonalizable: A = PΛP−1 λk > 0

Expectation: E [Yi ] = µe−AVi + β(1− e−AVi )

Variance: Cov [Yi ; Yj ] = P
[
Wij � P−1RP−T

]
PT

Wij =
[

1
λq+λr

e−λqVi e−λrVj

(
e(λq+λr )Vij − 1

)]
1≤q,r≤p

Distribution: Still Gaussian.

No nice Kronecker product.

General Model Pruning
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Model Fit and Computations

Multidimensional Models

Multivariate BM
Multivariate Ornstein-Uhlenbeck
Multivariate Phylogenetic Linear Regression

Phylogenetic Linear Regression

Y = Xβ + Ep

• Y observed matrix of traits at the tips of the tree (n × p)

• X matrix of regressors (n × k)

• β matrix of coefficients (k × p)

• Ep matrix of phylogenetic errors (n × p)

• For a BM: Ep ∼MN (0n,V,R)
• For an OU: more complex.

• Ee matrix of independent errors (n × p)

• Ee ∼MN (0n, In, s2Ip)
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Phylogenetic Linear Regression

Y = Xβ + Ep + Ee

• Y observed matrix of traits at the tips of the tree (n × p)

• X matrix of regressors (n × k)

• β matrix of coefficients (k × p)

• Ep matrix of phylogenetic errors (n × p)
• For a BM: Ep ∼MN (0n,V,R)
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Phylogenetic Multivariate Linear Regression and MANOVA
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Phylogenetic Multivariate Linear Regression Tests

The multivariate tests (analogous to the F tests seen previously),
are all based on the eigenvalues d1, ..., ds of the p by p matrix:

E−1H

• s is the rank of E−1H

• E is the ”error” or ”residual” Sum of Squares and Cross
Products (SSCP) matrix, i.e. E = (n − q)R̂ with q the
dimensionality of the design.

• H is the ”hypothesis” SSCP matrix. It is given by
H = (XB̂− X0B̂0)TV−1(XB̂− X0B̂0) where X0 is the design
matrix corresponding to the null hypothesis and B̂0 is the
corresponding matrix of parameter estimates.
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Phylogenetic Multivariate Linear Regression Tests (cont.)

Multiple dimensions mean also different ways of computing a
statistic. The four most common multivariate statistics are:

• Wilk’s Λ statistic for instance is given by Λ =
∏s

i=1
1

1+di

• Pillai’s statistic is V =
∏s

i=1
di

1+di

• Hotelling-Lawley is U =
∑s

i=1 di

• Roy’s largest root is θ = d1
1+d1

• They all have the same type I error rate, but different power.
Pillai’s trace is often considered as a good and robust (e.g., to
slight violation of homogeneity of covariance matrices) test.
Wilks’ Λ is connected to likelihood ratio tests (LRT) and has
well known approximations of the F-statistic.
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Multivariate models and the curse of dimensionality

Multivariate models estimate a lot of parameters (e.g., for the
multivariate BM there’s p(p + 1)/2 + p d.f.). When p is
approaching n the estimation of parameters deteriorates.
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Multivariate models and the curse of dimensionality (cont.)

When p is equal or larger than n, the covariance matrix R̂ is
singular. We can’t invert it, nor compute the log determinant.
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Multivariate models and the curse of dimensionality (cont.)

Data dimension is often reduced through Principal Component
Analysis. But...

• No trivial ways to select the number of relevant PCs
(eigenvalues are biased, p approach n problem...)

• Composite traits are sometime difficult to interpret.

• Problems with PCMs: model selection, parameter estimation,
and statistical tests (Uyeda et al., 2015; Clavel and Morlon,
2020)

Paul Bastide, Julien Clavel Continuous Trait Evolution 89/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Multivariate BM
Multivariate Ornstein-Uhlenbeck
Multivariate Phylogenetic Linear Regression

Multivariate models and the curse of dimensionality (cont.)

Data dimension is often reduced through Principal Component
Analysis. But...

• No trivial ways to select the number of relevant PCs
(eigenvalues are biased, p approach n problem...)

• Composite traits are sometime difficult to interpret.

• Problems with PCMs: model selection, parameter estimation,
and statistical tests (Uyeda et al., 2015; Clavel and Morlon,
2020)

Paul Bastide, Julien Clavel Continuous Trait Evolution 89/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Multivariate BM
Multivariate Ornstein-Uhlenbeck
Multivariate Phylogenetic Linear Regression

Multivariate models and the curse of dimensionality (cont.)

Data dimension is often reduced through Principal Component
Analysis. But...

• No trivial ways to select the number of relevant PCs
(eigenvalues are biased, p approach n problem...)

• Composite traits are sometime difficult to interpret.

• Problems with PCMs: model selection, parameter estimation,
and statistical tests (Uyeda et al., 2015; Clavel and Morlon,
2020)

Paul Bastide, Julien Clavel Continuous Trait Evolution 89/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Multivariate BM
Multivariate Ornstein-Uhlenbeck
Multivariate Phylogenetic Linear Regression

Multivariate models and the curse of dimensionality (cont.)

We can use regularization or penalized likelihood approach

Paul Bastide, Julien Clavel Continuous Trait Evolution 90/100



Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Multivariate BM
Multivariate Ornstein-Uhlenbeck
Multivariate Phylogenetic Linear Regression

Penalized likelihood
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Penalized likelihood
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Penalized likelihood

The penalized log-likelihood is maximized when the regularization
parameter γ is set to ”0”. This is because the parameters that
enter this likelihood are estimated from the same data used to
evaluate it.

log(Lp) = log(L)− γ

2

∥∥R−1
∥∥q

We can use instead a cross-validated likelihood to jointly infer the
penalization and model’ parameters:

logL(γ, x1, ..., xn)CV = −1

n

n∑
i=1

logL(xi |R(γ)(−i))
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Penalized likelihood - simulations

Comparison to Maximum Likelihood (ML) and Pairwise Composite
Likelihood (PCL) for n = 32 species trees
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Model comparison

Penalized likelihood (as well as ML) models fit can be compared
using the GIC (Generalized Information Criterion; Konishi and
Kitagawa, 1996, 2008):

GIC = −2logL(X |θ̂) + 2tr(J−1I)

The last term represents the bias/”effective number of d.f.”

J = −1

n

n∑
i=1

∂2L(xi |θ)− γP(θ)

∂θ2
|θ=θ̂

I =
1

n

n∑
i=1

∂L(xi |θ)− γP(θ)

∂θ

∂L(xi |θ)

∂θ
|θ=θ̂
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Penalized likelihood - model comparison simulations
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High-dimensional multivariate PCMs empirical example
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Linear Regression Framework
Model Fit and Computations

Multidimensional Models

Phylogenetic Linear Regression
Maximum Likelihood Estimation
Phylogenetic ANOVA

Simple Gaussian Regression

yi = β0 + β1xi + εi , ∀1 ≤ i ≤ n

• yi : quantitative response for i

• xi : quantitative predicting variable for i

• εi : ”error” for i Gaussian random variable

• Centered: E[εi ] = 0 for all i
• Homoscedastic: Var[εi ] = σ2 for all i
• Independent: Cov[εi ; εj ] = 0 for all i 6= j
• iid: ε ∼ N (0n, σ

2In)
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...
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1
...
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+ β1
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...
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ε1
...
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Y = β01n + β1x + ε

• Y = (y1, . . . , yn)T random vector of responses
• 1n = (1, . . . , 1)T vector of ones
• x = (x1, . . . , xn)T non random vector of predictors
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y1
...
yn

 = β0

1
...
1

+ β1

x11
...

xn1

+ · · ·+ βp

x1p
...

xnp

+

ε1
...
εn



y1
...
yn

 =

1 x11 . . . x1p
...
1 xn1 . . . xnp



β0

β1
...
βp

+

ε1
...
εn



Y = Xβ + ε

• X (n × p) matrix of regressors (rg(X) = p)
• β (length p) vector of coefficients back
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Three Point Structure Algorithm (Ho and Ané, 2014a)

Y = Xβ + σE E ∼ N (0n,V)

Estimators:

β̂ = (XTV−1X)−1XTV−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV−1(Y − Xβ̂)

2L(y|θ) = n log(2π) + log |V|+ (Y − Xβ̂)TV−1(Y − Xβ̂)
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Estimators:

β̂ = (XTV−1X)−1XTV−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV−1(Y − Xβ̂)

2L(y|θ) = n log(2π) + log |V|+ (Y − Xβ̂)TV−1(Y − Xβ̂)

We need to compute:

• log |V|
• Q = XTV−1Y

• p = 1TV−11, µ̂Y = 1TV−1Y/p and µ̂T
X = XTV−11/p
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Three Points Structure:

V = t1T1 +

V1 0
. . .

0 Vk
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FIGURE 1. Recursion for the tree traversal: at each internal node, V
is of the form t11′ +A with A block diagonal. Each block Vs of A is of
this form too.

where t≥0 and A is a diagonal matrix with one block for
each subtree stemming from the root. Each block Vs in
A is of the form (1) for the corresponding subtree rooted
by its parent edge (Fig. 1). The algorithm uses a post-
order tree traversal, starting from the external edges and
working toward the root.

1. Initialization: for a tree with a single tip, V= t> 0.
Set log|V|= logt, p=1/t, !̂Y =y, !̃′

X =x′ and Q=
x′y/t, where x and y are the rows of X and Y
corresponding to the current tip.

2. For a tree with two or more tips, consider
(1) for V on this tree. Denote ps, !̃′

X,s, !̂Y,s
and Qs the quantities obtained recursively from
subtree s. Define pA =∑k

s=1ps and weights ws =
ps/pA. Then p=pA/(1+tpA), !̂Y =∑k

s=1ws!̂Y,s,

!̃′
X =∑k

s=1ws!̃
′
X,s, Q=∑k

s=1Qs − tp2
A

1+tpA
!̃′

X!̂Y and

log|V|=∑k
s=1 log|Vs|+log(1+tpA).

3. At the root of the full tree: return log|V| and Q then
stop.

For a growing number of taxa n, our algorithm is linear
in time because it uses a single tree traversal. It is also
linear in memory requirement as it does not seek to
calculate the large V−1 matrix. If one actually needed the
full inverse matrix, then the Woodbury formula could be
used to obtain V−1 in O(n) steps, as detailed in the proof
below.

Proof of formulas for the algorithm. We combine
the decomposition (1) for V=A+t1′1 with the
Woodbury formula for the matrix inverse and Sylvester’s
determinant (Hager 1989) for matrices of the form M=
A+UCV:

M−1 = A−1 −A−1U
(

C−1 +VA−1U
)−1

VA−1 ,

detM = detAdetCdet
(

C−1 +VA−1U
)
.

We use these formulas with the block diagonal matrix A
for which each block Vi is treated recursively, and obtain:

V−1 =A−1 − t
1+tpA

A−111′A−1

where pA =1′A−11=∑k
i=11′V−1

i 1, and detV=
(1+tpA)detA. The recursion for the determinant

is immediate then, because |A|=∏k
s=1 |Vs|. The

recursion for the other components uses the facts that
pA!̂′

X =X′A−11 and pA!̂Y =1′A−1Y. !

Link to other Fast Methods
Our algorithm is based on a tree traversal similar

to that used for independent contrasts, which are
computed in linear time for each trait separatelys
(Felsenstein 1973; Freckleton 2012). These authors use
both the unnormalized contrasts and the contrast
variances to calculate the trait likelihood. Our algorithm
for !̂Y and its precision p parallels the calculation
of independent contrasts. The Gaussian elimination
method by FitzJohn (2012) is also a pruning algorithm,
specifically designed to calculate the likelihood under
BM and OU models. Our algorithm calculates key
terms separately using a rank-one perturbation of the
covariance matrix, for which the 3-point condition
is required. The advantage of this method is its
application to a broad class of models including non-
Gaussian models, and its application to methods using
some components separately like phylogenetic PCA or
phylogenetic prediction (as detailed later).

Implementation and Computing Gain
The algorithm was implemented in the R package

phylolm, with a function to perform phylogenetic
regression for quantitative responses under various
models for the residual error: BM, BM with trend if
the tree is not ultrametric, Pagel’s ", #, and $ models,
and OU models with constant selection strength %

and variance rate &2. These covariance parameters are
estimated jointly with coefficient parameters in the linear
model using maximum likelihood. The linear model
can combine quantitative and categorical predictors.
The package is available at http://cran.r-project.org/
web/packages/phylolm/ .

We quantified the gain in computing time for 10 to
4507 taxa. The tree used for simulation was obtained by
randomly sampling the desired number of taxa from
the 4507-species ultrametric tree in Bininda-Emonds
et al. (2007), rescaled to a total tree height of 1.
For various models of phylogenetic trait evolution,
100 data sets were simulated with the following
parameters: ancestral state !=0, variance rate &2 =1,
optimal value of 1 and %=1 for the OU model, "=
0.5, #=0.5, $=0.5, or r=−1 for the EB model. The
parameters were then estimated on 3.0 GHz processing
units using 3 implementations: our fast algorithm in
phylolm, matrix inversion as used in fitContinuous
in package geiger version 1.3-1, and the newer version
of fitContinuous in geiger version 1.99-3, which
uses FitzJohn’s fast pruning method (2012). Estimation
with fitContinuous v1.3-1 was performed on fewer
than 100 replicates for 1000 or more taxa, due to very
long computing times (3 on 4507 taxa for models other
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Computation and Tree Transformation
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Phylogenetic Mixed Models

Three Point Structure Algorithm (Ho and Ané, 2014a)

Initialization : tree with a single tip of length t

• log |V| = t

• Q = xT y/t

• p = 1/t, µ̂Y = y and µ̂T
X = xT
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Propagation:
Woodbury and Sylvester formulas for M = A + UCV

M−1 = A−1 − A−1U(C−1 + VA−1U)−1VA−1

|M| = |A| |C|
∣∣C−1 + VA−1U

∣∣
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Propagation:
Woodbury and Sylvester formulas for M = A + UCV

M−1 = A−1 − A−1U(C−1 + VA−1U)−1VA−1

|M| = |A| |C|
∣∣C−1 + VA−1U

∣∣
Applied on V = A + t1T1, with A =

V1 0
. . .

0 Vk

:

V−1 = A−1 − t

1 + tpA
A−111TA−1, pA = 1TA−11 =

k∑
s=1

ps
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Propagation:
Woodbury and Sylvester formulas for M = A + UCV

M−1 = A−1 − A−1U(C−1 + VA−1U)−1VA−1

|M| = |A| |C|
∣∣C−1 + VA−1U

∣∣
Gives:

• log |V| =
∑k

s=1 log |Vs |+ log(1 + tpA)

• Q =
∑k

s=1 Qs −
tp2

A
1+tpA

µ̂T
X µ̂Y

• p = pA
1+tpA

, µ̂Y =
∑k

s=1
ps
pA
µ̂Y ,s and µ̂T

X =
∑k

s=1
ps
pA

µ̂X ,s
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Woodbury and Sylvester formulas for M = A + UCV

M−1 = A−1 − A−1U(C−1 + VA−1U)−1VA−1

|M| = |A| |C|
∣∣C−1 + VA−1U
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Gives:

• log |V| =
∑k

s=1 log |Vs |+ log(1 + tpA)

• Q =
∑k

s=1 Qs −
tp2

A
1+tpA

µ̂T
X µ̂Y

• p = pA
1+tpA

, µ̂Y =
∑k

s=1
ps
pA
µ̂Y ,s and µ̂T

X =
∑k

s=1
ps
pA

µ̂X ,s

Finalization : At the root of the tree.
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Three Points Structure: A matrix V has the 3-Point Structure if:

• it is symmetric non-negative
• for any i , j , k, the two smallest of Vij , Vik and Vjk are equal.
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FIGURE 3. A matrix V is 3-point structured if it is symmetric with
Vij ≥0 and if it satisfies the 3-point condition: for any i,j and k, the two
smallest of Vij , Vik and Vjk are equal. Note that this condition can be
verified without knowledge of the underlying tree.

are identical. As we show below, the 3-point structure
implies a tree structure:
Theorem 2 V is 3-point structured if and only if it is the
covariance matrix of a random variable at the tips of some
rooted tree under a BM model. (see Fig. 3).

Proof . The covariance matrix of a random variable
under BM evolution is obviously symmetric with
nonnegative entries and satisfies the 3-point condition.
However, the reverse is far from obvious. Our proof of the
reverse shares some common ideas with the proof of the
fundamental theorem identifying a nonrooted tree from
the 4-point condition in Semple and Steel (2003, theorem
7.2.6). Consider a symmetric matrix V satisfying the 3-
point condition, with nonnegative entries. Note that V
is not assumed to be a covariance matrix. We define a
dissimilarity map !i,j =−2Vi,j if i ̸= j and !i,i =0 for all i.
! has many negative terms, thus does not immediately
identify a tree or positive edge weights. However the
3-point condition for V ensures that ! is an ultrametric
as defined in Semple and Steel (2003, p.149). So there
exists an equidistant representation of ! (theorems 7.2.5
and 7.2.8). In other words, there exists a rooted tree
and a set of edge weights such that !i,j is the sum
of edge weights along the path from i to j. Also, all
internal edge weights are positive and the distance d0
from the root to every tip is the same. We extend the
tree with a root edge of weight −d0 and add Vi,i to the
weight of the external edge connected to i. Then all edge
weights of the new tree are positive and the covariance
matrix of a BM process evolving along this new tree is
exactly V. !

Note that our algorithm is readily applicable to
matrices of the form V=D1ṼD2, when Ṽ is 3-
point structured and D1, D2 are diagonal matrices
with nonzero diagonal elements. Indeed, the quadratic
term X′V−1Y can be obtained with our algorithm
using Ṽ and the transformed data D−1

2 X and D−1
1 Y,

which are straightforward to calculate when D1 and
D2 are diagonal. The determinant is also easy to
calculate from |V|=|D1||Ṽ||D2|. We call such matrices
V generalized 3-point structured. Also, V+D is again
generalized 3-point structured whenever V is and for
every nonnegative diagonal matrix D. This fact can
be used when D represents measurement error or

variation among individuals of the same species, for
instance.

To check whether a matrix V satisfies the 3-point
condition and leads to a particular tree topology T,
we need to check that for any 2 tips i and j, Vij ≤
Vii. If V is known to be a covariance matrix, then
this is automatically satisfied. Next, we also need to
check that for any 3 distinct tips, if i and j are more
closely related to each other than to k on T, then
Vik =Vjk ≤Vij. The equality Vik =Vjk will automatically
hold if Vab can generally be expressed as a feature
of the last common ancestor of a and b, because the
pairs i,k, and j,k share the same common ancestor. In
what follows, we use this criterion to check the 3-point
condition for models arising from a particular rooted tree
topology.

Weak 3-point Condition and Negative Correlations
Our algorithm does not strictly require that all branch

lengths (ts) are nonnegative on the rooted tree identified
from V by the Theorem. It only requires nonnegative
branch lengths at the tips, and 1+tpA > 0 at each step of
the algorithm. Therefore, our algorithm would apply to
a broader class of covariance matrices than to just 3-point
structured matrices, with some potentially negative
correlations. This class of models would still require the
following weak 3-point condition: for each triple i,j,k, at
least two of Vij, Vjk , and Vki are equal.

One example is the PGLS method proposed by Martins
and Hansen (1997). In their models the error variance
depends on the mean, using the estimated mean "a
at the most recent common ancestor of tips i and j.
For instance, they propose Vij ="a(1−"a)exp(−#tij) for
a binary response. This formula ensures that Vik =Vjk
whenever i and j are more closely related to each other
than to k, so the weak 3-point condition is satisfied. The
shared value Vik =Vjk might not necessarily be smaller
than Vij, however.

For a dissimilarity matrix, the weak 4-point condition
identifies a unique unrooted tree with possibly negative
branch lengths (Semple and Steel 2003). However, the
weak 3-point condition on similarity matrices does not
necessarily identify a unique rooted tree. As a counter-
example, the similarity matrix below

V=

⎛

⎜⎝

1 a a b
a 1 b a
a b 1 b
b a b 1

⎞

⎟⎠

satisfies the weak 3-point condition for any a,b≥0.
However, if a ̸=b, we can see that V does not correspond
to any of the 15 possible 4-taxon rooted trees (with
possibly negative branch lengths), in the sense that it
cannot be written as a matrix of shared path lengths
(tij)i,j.
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Theorem: V is 3-point structured if and only if it is the covariance
matrix of a random variable at the tips of some rooted tree under a
BM model.
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Three Points Structure: A matrix V has the 3-Point Structure if:

• it is symmetric non-negative
• for any i , j , k, the two smallest of Vij , Vik and Vjk are equal.

[19:43 26/3/2014 Sysbio-syu005.tex] Page: 401 397–408

2014 HO AND ANÉ—LINEAR ALGORITHM FOR A GENERAL CLASS OF TRAIT MODELS 401

ijV

ikV jkV=

i

j

k

FIGURE 3. A matrix V is 3-point structured if it is symmetric with
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are identical. As we show below, the 3-point structure
implies a tree structure:
Theorem 2 V is 3-point structured if and only if it is the
covariance matrix of a random variable at the tips of some
rooted tree under a BM model. (see Fig. 3).

Proof . The covariance matrix of a random variable
under BM evolution is obviously symmetric with
nonnegative entries and satisfies the 3-point condition.
However, the reverse is far from obvious. Our proof of the
reverse shares some common ideas with the proof of the
fundamental theorem identifying a nonrooted tree from
the 4-point condition in Semple and Steel (2003, theorem
7.2.6). Consider a symmetric matrix V satisfying the 3-
point condition, with nonnegative entries. Note that V
is not assumed to be a covariance matrix. We define a
dissimilarity map !i,j =−2Vi,j if i ̸= j and !i,i =0 for all i.
! has many negative terms, thus does not immediately
identify a tree or positive edge weights. However the
3-point condition for V ensures that ! is an ultrametric
as defined in Semple and Steel (2003, p.149). So there
exists an equidistant representation of ! (theorems 7.2.5
and 7.2.8). In other words, there exists a rooted tree
and a set of edge weights such that !i,j is the sum
of edge weights along the path from i to j. Also, all
internal edge weights are positive and the distance d0
from the root to every tip is the same. We extend the
tree with a root edge of weight −d0 and add Vi,i to the
weight of the external edge connected to i. Then all edge
weights of the new tree are positive and the covariance
matrix of a BM process evolving along this new tree is
exactly V. !

Note that our algorithm is readily applicable to
matrices of the form V=D1ṼD2, when Ṽ is 3-
point structured and D1, D2 are diagonal matrices
with nonzero diagonal elements. Indeed, the quadratic
term X′V−1Y can be obtained with our algorithm
using Ṽ and the transformed data D−1

2 X and D−1
1 Y,

which are straightforward to calculate when D1 and
D2 are diagonal. The determinant is also easy to
calculate from |V|=|D1||Ṽ||D2|. We call such matrices
V generalized 3-point structured. Also, V+D is again
generalized 3-point structured whenever V is and for
every nonnegative diagonal matrix D. This fact can
be used when D represents measurement error or

variation among individuals of the same species, for
instance.

To check whether a matrix V satisfies the 3-point
condition and leads to a particular tree topology T,
we need to check that for any 2 tips i and j, Vij ≤
Vii. If V is known to be a covariance matrix, then
this is automatically satisfied. Next, we also need to
check that for any 3 distinct tips, if i and j are more
closely related to each other than to k on T, then
Vik =Vjk ≤Vij. The equality Vik =Vjk will automatically
hold if Vab can generally be expressed as a feature
of the last common ancestor of a and b, because the
pairs i,k, and j,k share the same common ancestor. In
what follows, we use this criterion to check the 3-point
condition for models arising from a particular rooted tree
topology.

Weak 3-point Condition and Negative Correlations
Our algorithm does not strictly require that all branch

lengths (ts) are nonnegative on the rooted tree identified
from V by the Theorem. It only requires nonnegative
branch lengths at the tips, and 1+tpA > 0 at each step of
the algorithm. Therefore, our algorithm would apply to
a broader class of covariance matrices than to just 3-point
structured matrices, with some potentially negative
correlations. This class of models would still require the
following weak 3-point condition: for each triple i,j,k, at
least two of Vij, Vjk , and Vki are equal.

One example is the PGLS method proposed by Martins
and Hansen (1997). In their models the error variance
depends on the mean, using the estimated mean "a
at the most recent common ancestor of tips i and j.
For instance, they propose Vij ="a(1−"a)exp(−#tij) for
a binary response. This formula ensures that Vik =Vjk
whenever i and j are more closely related to each other
than to k, so the weak 3-point condition is satisfied. The
shared value Vik =Vjk might not necessarily be smaller
than Vij, however.

For a dissimilarity matrix, the weak 4-point condition
identifies a unique unrooted tree with possibly negative
branch lengths (Semple and Steel 2003). However, the
weak 3-point condition on similarity matrices does not
necessarily identify a unique rooted tree. As a counter-
example, the similarity matrix below

V=

⎛

⎜⎝

1 a a b
a 1 b a
a b 1 b
b a b 1

⎞

⎟⎠

satisfies the weak 3-point condition for any a,b≥0.
However, if a ̸=b, we can see that V does not correspond
to any of the 15 possible 4-taxon rooted trees (with
possibly negative branch lengths), in the sense that it
cannot be written as a matrix of shared path lengths
(tij)i,j.
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with V∗ = Diag(V) = Diag(T1, · · · ,Tn).
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BM PMM with scaled variance is:

σ2V + s2
s V∗

Error accumulate in time (Leventhal and Bonhoeffer, 2016)
a tip further from the root has a larger error.
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λ is the heritability if the independent errors are scaled.
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Y1

Zr ∼ N (µ,Γ) root

Zj
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(
qjZ
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Likelihood Computation

Likelihood function:

fYj |Xj
(Yj ; a) = Aj(Yj)ΦMj (Yj ),S2

j (Yj )(a)

Initialization: for tips

fYi |Yi
(Yi ; a) = ΦYi ,0(a)

Propagation:

fYj |Xj
(Yj ; a) =

L∏
l=1

fYjl |Xj
(Yjl ; a) conditional independence

fYjl |Xj
(Yjl ; a) =

∫
R
fYjl |Xjl

(Yjl ; b)fXjl |Xj
(b; a)db explicit (Gaussian)

back

Xjl
Xj1

XjL
· · · · · ·

Xj

Yj1 Yjl YjL
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