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Maximum Likelihood

Likelihood: Distribution of the data given the parameters.

p (Y,S | ◊, T , Â )

Maximum likelihood: find the ”best”possible parameters.

(◊̂, T̂ , Â̂) = argmax

◊,tr,Â
p (Y,S | ◊, T , Â )

Limitations:

• No a priori knowledge.

All parameters are equally probable.

• Point estimate.

No notion of uncertainty.

æ Use Bayesian inference.
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Bayesian Inference

Likelihood: Distribution of the data given the parameters.

p (Y,S | ◊, T , Â )

Prior: Distribution of the parameters.

p (◊, T , Â)

Posterior: Distribution of the parameters given the data.

p (◊, T , Â | Y,S)

Bayesian Inference: Can we learn about the posterior ?
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Bayes Theorem

Bayes Theorem:

p (A | B) =
p (B | A) p (A)

p (B)

Bayesian Inference:

p (◊, T , Â | Y,S)

=
p (Y,S | ◊, T , Â ) p (◊, T , Â)

p (Y,S)

• p (Y,S) does not depend on the parameters (constant).

• p (Y,S) =
s

◊,T ,Â p (Y,S | ◊, T , Â ) p (◊, T , Â)

marginal likelihood, very hard to compute.

We cannot compute the posterior, but we can sample from it.
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Bayes Inference by Sampling

Assume we can sample from the posterior:

(◊i , Ti , Âi ) ≥ p (◊, T , Â | Y,S) iid

We can get some moments estimates.

E.g. for continuous parameters:

E [◊ | Y,S ] ¥ 1

n

nÿ

i=1

◊i

Var [◊ | Y,S ] ¥ 1

n ≠ 1

nÿ

i=1

A
◊i ≠ 1

n

nÿ

i=1

◊i

B2

We can estimate the parameters distribution (histogram).
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Bayes Inference by Sampling

set.seed(18300730)
# n=1000 sample from a mystery distribution

sample <- rmystery(10000)
# Histogram

hist(sample, probability = TRUE)

Histogram of sample

sample
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Bayes Inference by Sampling

set.seed(18300730)
# n=1000 sample from a mystery distribution

sample <- rmystery(10000)
# Histogram

hist(sample, probability = TRUE)
# distribution

x <- seq(-2, 6, 0.1)
lines(x, dnorm(x, 2, 1), lwd = 2, col = "firebrick3")
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Bayesian Inference

Goal: Sample from the posterior

p (◊, T , Â | Y,S) =
p (Y,S | ◊, T , Â ) p (◊, T , Â)

p (Y,S)

That we know only up to a constant.
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Bayesian Phylogenetics

Goal:

p (◊, T , Â | Y,S)

Ã p (Y,S | ◊, T , Â ) p (◊, T , Â)

Ã p (Y | ◊, T ) p (S | T , Â ) p (◊, T , Â)

Ã p (Y | ◊, T ) p (◊) p (S | T , Â ) p (T , Â)

Assumption: Y and S independent conditionally on T .

For now: T fixed.
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Markov Chain Monte Carlo (Larget, 2005)

Goal: Sample from p (◊ | Y ) Ã p (Y | ◊ ) p (◊)

Problem: We do not know the normalizing constant.

Metropolis - Hasting: Iterate:

• Draw ◊ú
in q

!
◊

-- ◊t
"
.

• Set ◊(t+1)
= ◊ú

with probability:

rt = min

I
1,

p (Y | ◊ú
)

p
!
Y

-- ◊t
" p (◊ú

)

p
!
◊t

" q(◊
(t)|◊ú

)

q(◊ú|◊(t)
)

J
.

Paul Bastide Bayesian phylogeography 12/30



Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

General Framework

BM Gibbs

Constrained Spaces

Markov Chain Monte Carlo (Larget, 2005)

Goal: Sample from p (◊ | Y ) Ã p (Y | ◊ ) p (◊)

Problem: We do not know the normalizing constant.

Metropolis - Hasting: Iterate:

• Draw ◊ú
in q

!
◊

-- ◊t
"
.

• Set ◊(t+1)
= ◊ú

with probability:

rt = min

I
1,

p (Y | ◊ú
)

p
!
Y

-- ◊t
" p (◊ú

)

p
!
◊t

" q(◊
(t)|◊ú

)

q(◊ú|◊(t)
)

J
.

Paul Bastide Bayesian phylogeography 12/30



Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

General Framework

BM Gibbs

Constrained Spaces

Markov Chain Monte Carlo (Larget, 2005)

Goal: Sample from p (◊ | Y ) Ã p (Y | ◊ ) p (◊)

Problem: We do not know the normalizing constant.

Metropolis - Hasting: Iterate:

• Draw ◊ú
in q

!
◊

-- ◊t
"
.

• Set ◊(t+1)
= ◊ú

with probability:

rt = min

I
1,

p (Y | ◊ú
)

p
!
Y

-- ◊t
" p (◊ú

)

p
!
◊t

" q(◊
(t)|◊ú

)

q(◊ú|◊(t)
)

J
.

Paul Bastide Bayesian phylogeography 12/30



Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

General Framework

BM Gibbs

Constrained Spaces

Markov Chain Monte Carlo (Larget, 2005)

Goal: Sample from p (◊ | Y ) Ã p (Y | ◊ ) p (◊)

Problem: We do not know the normalizing constant.

Metropolis - Hasting: Iterate:

• Draw ◊ú
in q

!
◊

-- ◊t
"
.

• Set ◊(t+1)
= ◊ú

with probability:

rt = min

I
1,

p (Y | ◊ú
)

p
!
Y

-- ◊t
" p (◊ú

)

p
!
◊t

" q(◊
(t)|◊ú

)

q(◊ú|◊(t)
)

J
.

• The ◊(t)
is a Markov Chain.

• Its stationary distribution is p (◊ | Y ).

æ For“t large enough”, ◊(t) ≥ p (◊ | Y ).
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Animation: Chi Feng’s website
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Gibbs: Rejection free.

• Split ◊ = (◊[1], . . . , ◊[K ]).

• Draw ◊ú
in p(◊[k]

--- ◊(t)
[≠k],Y ) so that rt = 1.
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BM: Gibbs with Conjugate Priors

Likelihood:

Y|R, µ ≥ MN (1nµT ,V,R)
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BM: Gibbs with Conjugate Priors

Likelihood:

Y|R, µ ≥ MN (1nµT ,V,R)

Conjugate Priors:

R ≥ IW(R0, ‹)

µ|R ≥ N (µ0, Ÿ≠1

0
R)
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BM: Gibbs with Conjugate Priors

Likelihood:

Y|R, µ ≥ MN (1nµT ,V,R)

Conjugate Priors:

R ≥ IW(R0, ‹)

µ|R ≥ N (µ0, Ÿ≠1

0
R)

Gibbs:

R|Y, µ ≥ IW(Rn, ‹n) with Rn = f (Y, µ,V)

Òæ Automatic sampling in the space of variance matrices.

Paul Bastide Bayesian phylogeography 13/30



Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

General Framework

BM Gibbs

Constrained Spaces

Wishart Distribution

Wishart: generalization of the gamma distribution to matrices.

P ≥ Wp(P0, ‹), ‹ Ø p

Moments:

E [P] = ‹P0 Var [Pij ] = ‹[(P0)
2

ij + (P0)ii (P0)jj ]

Sample Variance: If Yi ≥ N (µ,⌃) are n iid vectors of size p, then:

⌃̂ =

nÿ

i=1

(Yi ≠ µ)(Yi ≠ µ)
T ≥ Wp(⌃, n)

Inverse Wishart:

R ≥ IW(R0, ‹) ≈∆ R≠1 ≥ Wp(R
≠1

0
, ‹), ‹ > p ≠ 1
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Wishart Distribution
W2(I2, 2)

Diagonal
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General Gaussian Model: Likelihood
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Likelihood: log p(Y) in one post-order traversal.

Òæ O(N).

Òæ “Pruning”, “Gaussian elimination”, “Phylogenetic Kalman filter”, ...

Di�culty: Numerical robustness.
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Likelihood function:

fYj |Xj
(Yj

; a) = Aj(Y
j
)�Mj (Yj ),S2

j (Y
j )(a)

Initialization: for tips

fYi |Yi
(Yi ; a) = �Yi ,0(a)

Propagation:

fYj |Xj
(Yj

; a) =
LŸ

l=1

fYjl |Xj
(Yjl ; a) conditional independence

fYjl |Xj
(Yjl ; a) =

⁄

R
fYjl |Xjl

(Yjl ; b)fXjl |Xj
(b; a)db explicit (Gaussian)

Xjl
Xj1 XjL

· · · · · ·

Xj

Yj1 Yjl YjL
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Conditional Moments: in one pre-order traversal.

Òæ E [Zj | Y ], Var [Zj | Y ].

Òæ O(N).
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Branch-specific Gradient: in one pre-order traversal.
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Chain rule: Gradient w.r.t. any parameter in O(N).

æ HMC
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Trait: Geographical coordinates: latitude and longitude.

Dellicour et al. (2021)
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reasons, the continuous phylogeographic approach can pro-
vide a more realistic alternative.

The less frequent application of the continuous phylogeo-
graphic model could in part be due to the difficulty of obtain-
ing sampling geographic coordinates for all sequences of
interest, the challenges of modeling dispersal as a continuous
process (Faria et al. 2011), or lower familiarity with the instal-
lation and interpretation of a continuous diffusion model. To
remedy the latter issue, we describe here how to prepare and
run such a continuous phylogeographic analysis. For illustra-
tion, we provide a step-by-step protocol based on the analysis
of a data set of yellow fever virus (YFV) genomic sequences
sampled during one of the largest YFV epidemics in Brazil
(Faria et al. 2018).

Data Set Description
This protocol provides a detailed guide for reconstructing the
spatial dynamics of the YFV epidemic in Brazil through the
analysis of a set of viral genome sequences that were sampled
at different points in time (Faria et al. 2018). YFV is respon-
sible for 29,000–60,000 deaths annually in South America and
Africa and is the most severe mosquito-borne infection in the
tropics. Recently, Brazil experienced its largest recorded yel-
low fever outbreak in decades. In that context, Faria et al.
(2018) analyzed a data set of 65 YFV genomes collected be-
tween January and April 2017 in order to characterize the
dispersal history and viral transmission dynamics of this out-
break. The continuous phylogeographic method imple-
mented in BEAST was used to estimate the ancestral YFV
locations in continuous space.

Protocol

Step 1: Using BEAUti to Set Up the BEAST Analysis
The program BEAUti is distributed in the BEAST package and
is a user-friendly interface for specifying model and Markov

chain Monte Carlo (MCMC) settings for a BEAST analysis.
The sequence alignment is first uploaded by selecting the
Import Data option from the File menu. Here, we load an
alignment of 65 YFV genomes 10,236 nucleotides in length.
BEAST analyses that model evolution according to a single
bifurcating tree assume the absence of recombination events
within the genomic sequence alignment under consideration.
Recombination can be detected through the U-test (Bruen
et al. 2006) or using RDP (Martin et al. 2015) for example, and
can sometimes be filtered from the data. Once loaded, the
sequence data are listed under the Partitions panel and we
next specify the sampling date information, which starts by
selecting the box labeled Use tip dates in the Tips panel
(fig. 2A). By default, all taxa are assumed to have a date of
zero, which means that sequences are assumed to be sampled
at the same time. That is not the case for the YFV sequences
which were sampled on different days during 2017. The sam-
pling time in years is encoded in the name of each taxon and
we could simply edit the value in the Date column of the
table to reflect these. However, if the taxa names contain the
calibration information, then a convenient way to specify the
dates of the sequences in BEAUti is to use the Parse Dates
button at the top left of the Tips panel. Clicking this will make
a dialog box appear (fig. 2A). This operation facilitates the
extraction of date information contained within the taxon
names: it works by trying to find a numerical field within each
name. If the taxon names contain more than one numerical
field, then we can specify how to find the one that corre-
sponds to the date of sampling. We can 1) specify the order
that the date field comes (e.g., first, last, or various positions in
between), 2) specify a prefix (some characters that come im-
mediately before the date field in each name) and the order of
the field, or 3) define a regular expression (REGEX). There is
also an option to parse calendar dates with various precisions.
For the YFV sequences, dates values have to be parsed as

A

B

FIG. 1. Link between inferred
phylogeny (A) and inferred dis-
persal history of phylogenetic
branches (B; inspired by Pybus
et al. [2012] and Holbrook
et al. [2020]). Filled circles repre-
sent sampled sequences for
which locations and dates of
sampling are known. Squares
represent unsampled ancestral
nodes for which locations and
dates are estimated. Branch
lengths in (A) reflect the time
elapsed in each lineage and
thin colored lines in (B) show
the RRW (i.e., allowing branch-
specific variation in dispersal ve-
locity) undertaken by each line-
age. In (B), straight arrows
indicate the direction and dis-
tance of the movement trajec-
tory defined by each lineage.

Dellicour et al. . doi:10.1093/molbev/msab031 MBE

2

D
ow
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Dellicour et al. (2017)

Spread on an heterogeneous geographical region.
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Relaxed Random Walk (Lemey et al., 2010)

Model: BM with varying (“relaxed”) variance.

Zj
--- Zpa(j) ≥ N

1
Zpa(j), „jR

2

Idea: Each branch has its own propagation speed.

æ Allow for varying speed of propagation.

Regularisation: Set a prior on the „j ≥ L(s)

Examples:

„j ≥ Gamma(‹/2, ‹/2)

„j ≥ LogNormal(1, ‡)
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Relaxed Random Walk (Lemey et al., 2010)
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1
Zpa(j), „jR

2
„j ≥ L(s)

p (R, „, s, T , Â | Y,S) Ã p (Y,S | R, „, s, T , Â ) p (R, „, s, T , Â)

Ã p (Y | R, „, s, T ) p (S | T , Â ) p (R, „, s, T , Â)

Ã p (Y | R, „, T ) p („ | s ) p (s) p (R)
◊ p (S | T , Â ) p (T , Â)
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Dellicour et al. (2017)

Relaxed Random Walk

• Simple model.

• Flexible: accomodate for heterogeneous landscape.

• Ancestral state reconstruction: geopraphical spread of the

epidemy.
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Phylogeography: post-hoc analyses
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Summary:

• weighted lineage dispersal velocity:
      mean value = 164.6 km/year
      95% HPD = [158.0 - 169.2]

• 801 genomes (after 
  phylogenetic subsampling)

• mean lineage dispersal velocity:
      mean value = 1215.2 km/year
      95% HPD = [565.4 - 4140.5]

Maximal wavefront
distance from

epidemic origin

Maximal wavefront
distance from

epidemic origin

Fig. 1 Spatio-temporal diffusion of WNV lineages in North America. Maximum clade credibility (MCC) tree obtained by continuous phylogeographic
inference based on 100 posterior trees (see the text for further details). Nodes of the tree are coloured from red (the time to the most recent common
ancestor, TMRCA) to green (most recent sampling time). Older nodes are plotted on top of younger nodes, but we provide also an alternative year-by-year
representation in Supplementary Fig. S1. In addition, this figure reports global dispersal statistics (mean lineage dispersal velocity and mean diffusion
coefficient) averaged over the entire virus spread, the evolution of the mean lineage dispersal velocity through time, the evolution of the maximal wavefront
distance from the origin of the epidemic, as well as the delimitations of the North American Migratory Flyways (NAMF) considered in the USA.
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Fig. 2 Environmental variables tested for their impact on the dispersal of West Nile virus lineages in North America. See Table S1 for the source of data
for each environmental raster.
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Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

General Framework

BM Gibbs

Constrained Spaces

LKJ Distribution (Lewandowski, Kurowicka, and Joe, 2009)

Idea:

Use two di↵erent distributions for the variance and the correlation.

Decomposition: Use correlation matrix C

R =
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‡: Real positive æ log-normal, gamma, half Gaussian, ...

C: Correlation matrix æ ”LKJ”distribution.
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Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

General Framework

BM Gibbs

Constrained Spaces

LKJ Distribution (Lewandowski, Kurowicka, and Joe, 2009)

LKJ distribution:

LKJ(C | ÷ ) = cp(÷) |C|÷≠1

÷ = 1: Uniform.

÷ > 1: Peak around identity matrix.

0 < ÷ < 1: Trough around identity matrix.
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Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

General Framework

BM Gibbs

Constrained Spaces

LKJ Distribution (Lewandowski, Kurowicka, and Joe, 2009)

Idea:

Use two di↵erent distributions for the variance and the correlation.

Decomposition: R = ‡C‡
‡: Real positive æ log-normal, gamma, half Gaussian, ...

C: Correlation matrix æ ”LKJ”distribution.

Problem: We cannot use the Gibbs sampler anymore.

Problem: We cannot sample each coe�cient of C independently.

Òæ C has a complex structure.

Solution: Metropolis-Hasting in a constrained space.
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Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

General Framework

BM Gibbs

Constrained Spaces

MH in constrained space

Transformation:

f :

I
Cq æ Rq

◊ ‘æ ‹ = f (◊)
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Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

General Framework

BM Gibbs

Constrained Spaces

Variance: LKJ transformation (Lewandowski, Kurowicka, and Joe, 2009)

Decomposition: Use correlation matrix C

R =
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‡: Real positive

C: Correlation matrix

LKJ: Transformation on the space of correlation matrices.

Òæ Use“vine” theory.

Òæ Easier and more e�cient: Cholesky representation.
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Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

General Framework

BM Gibbs

Constrained Spaces

Variance: LKJ transformation (Lewandowski, Kurowicka, and Joe, 2009)

C = WTW =
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With:

• W 2

1k + · · · +W 2

kk = 1 (correlation)

• Wkk > 0 (identifiability)

Òæ Each column k is in the half euclidian unit sphere Sh

k (R).
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Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

General Framework

BM Gibbs

Constrained Spaces

Sampling in the Sphere

æ Sphere Sh

k (R) to euclidean ball Bk≠1(R):
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Phylogeography

General Framework
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Decomposition: Use correlation matrix C

R =

Q

ca
‡1 0

. . .

0 ‡p

R

db

Q

ca
1 Ckl

. . .

Ckl 1

R

db

Q

ca
‡1 0

. . .

0 ‡p

R

db

‡: Real positive

C: Correlation matrix

LKJ transformation: Smooth transformation from Rp(p≠1)/2
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space of correlation matrices.

Jacobian: Can be computed.
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General Framework

BM Gibbs

Constrained Spaces

OU: No Gibbs

Likelihood:

Y|A,R, µ ”≥ MN
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Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

General Framework

BM Gibbs

Constrained Spaces

OU: No Gibbs

Likelihood:

Y|A,R, µ ”≥ MN

Conjugate Priors: ???

Gibbs: Not possible.

Metropolis - Hasting:

Need to sample in constrained spaces (A, R).

back
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Bayesian for Continuous Traits

Pruning Algorithms

Phylogeography

Likelihood

Ancestral State Reconstruction

Gradient

Hamiltonian Monte Carlo (Betancourt, 2017)

Idea: Introduce the“momentum”p of the parameters q.

Hamiltonian H(q,p) = Potential energy + Kinetic energy

= U(q) + K (p)

= ≠ log p(Y|q)p(q)¸ ˚˙ ˝
posterior

≠ log „(p)¸˚˙˝
Gaussian

H total energy invariant by Hamiltonian dynamic:

Y
_]

_[

dp
dt

= ÒqU(q)

dq
dt

= ≠ÒpK (p)

1 Draw random moments p.

2 Propose a new q from the dynamic.
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Hamiltonian Monte Carlo (Betancourt, 2017)

Idea: Introduce the“momentum”p of the parameters q.

Hamiltonian H(q,p) = Potential energy + Kinetic energy

= U(q) + K (p)

= ≠ log p(Y|q)p(q)¸ ˚˙ ˝
posterior

≠ log „(p)¸˚˙˝
Gaussian

H total energy invariant by Hamiltonian dynamic:

Y
_]

_[

dp
dt

= ÒqU(q)

dq
dt

= ≠ÒpK (p)
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q

p

(a)

q

p

(b)

Fig 22. (a) Each Hamiltonian Markov transition lifts the initial state onto a random level set of the
Hamiltonian, which can then be explored with a Hamiltonian trajectory before projecting back down to the
target parameter space. (b) If we consider the projection and random lift steps as a single momentum
resampling step, then the Hamiltonian Markov chain alternates between deterministic trajectories along
these level sets (dark red) and a random walk across the level sets (light red).

(a) (b)

Fig 23. The momentum resampling in a Hamiltonian Markov transition randomly changes the energy, in-
ducing a random walk between level sets. (a) When the energy transition distribution, �(E | q) is narrow
relative to the marginal energy distribution, �(E), this random walk will explore the marginal energy dis-
tribution only very slowly, requiring many expensive transitions to survey all of the relevant energies. (b)
On the other hand, when the two distributions are well-matched the random walk will explore the marginal
energy distribution extremely e�ciently.

1 Draw random moments p.

2 Propose a new q from the dynamic.
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