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Multidimensional Models
Heterogeneous Evolution

Outline

Yesterday

• Models of trait evolution.

• The phylogenetic regression.

• Application: HIV virulence heritability.

Today

• Multivariate and heterogeneous models.

• Bayesian inference.

• Application: phylogeography.
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Complex Traits

1 Multidimensional Models

2 Heterogeneous Evolution
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1 Multidimensional Models
• Multivariate BM
• Multivariate Ornstein-Uhlenbeck
• General Gaussian Model

2 Heterogeneous Evolution
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BM on a Tree
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SDE: dXt = ‡ dBt

Variance: Cov [Y4;Y5] = ‡2
◊ V45 shared evolution time

Expectation: E [Yi ] = µ ancestral root value
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Distribution: Normal

Y ≥ N (µ1n, ‡2V)
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Multivariate BM

2000 2002 2004 2006
0.5 0.5

Data: Vectors of p traits

YT
i = (Yi1, . . . ,Yip)

Tree: Influenza H3N2 (Lemey et al., 2014)
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Multivariate BM

2000 2002 2004 2006
0.5 0.5

Data: Vectors of p traits

YT
i = (Yi1, . . . ,Yip)

SDE: dXt = ⌃ dBt R = ⌃T⌃

Variance: Cov [Yik ;Yjl ] = Rkl ◊ Vij shared evolution time

Expectation: E [Y·k ] = µk ancestral root value

Tree: Influenza H3N2 (Lemey et al., 2014)
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Multivariate BM

2000 2002 2004 2006
0.5 0.5

Data: Vectors of p traits

YT
i = (Yi1, . . . ,Yip)

Distribution: Matrix Normal

Y ≥ MN (1nµT ,V,R) Var [vec(Y)] = R ¢ V

Tree: Influenza H3N2 (Lemey et al., 2014)
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Vectorisation: stack columns on top of each other

vec(Y) = vec

Q

ccca

Y11 Y12 · · · Y1p

Y21 Y22 · · · Y2p
...

...
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Kronecker Product

R ¢ V =

Q

ca
R11V · · · R1pV
...

. . .
...

Rp1V · · · RppV

R

db

Cov [Yik ;Yjl ] = Rkl ◊ Vij Cov [Y·k ;Y·l ] = Rkl ◊ V
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Estimators

vec(Y) ≥ MN (vec(1nµT ),R ¢ V) with V known

Paul Bastide Complex traits 10/40



Multidimensional Models
Heterogeneous Evolution

Multivariate BM
Multivariate Ornstein-Uhlenbeck
General Gaussian Model

Estimators

vec(Y) ≥ MN (vec(1nµT ),R ¢ V) with V known

Cholesky Decomposition:

V = LLT

vec(L≠1Y) ≥ MN (vec(L≠11nµT ),R ¢ In)
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Estimators

vec(Y) ≥ MN (vec(1nµT ),R ¢ V) with V known

Cholesky Decomposition:

V = LLT

vec(L≠1Y) ≥ MN (vec(L≠11nµT ),R ¢ In)

Maximum Likelihood Estimators:

µ̂T = (1Tn V
≠11n)

≠11Tn V
≠1Y

R̂ =
1

n ≠ 1
(Y ≠ 1nµ̂T )TV≠1(Y ≠ 1nµ̂T )
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Phylogenetic Principal Component Analysis (Revell, 2009)

Diagonalisation of the BM estimated variance:

R̂ = ŴD̂2ŴT

• Ŵi : principal axis i (eigenvectors, Ŵ is p ◊ p orthogonal)

• D̂2
i : variance explained by Ŵi (eigenvalues, D̂2 diagonal)
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• D̂2
i : variance explained by Ŵi (eigenvalues, D̂2 diagonal)

Scores: Data coordinates in the new system.
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Phylogenetic Principal Component Analysis (Revell, 2009)

Diagonalisation of the BM estimated variance:

R̂ = ŴD̂2ŴT

• Ŵi : principal axis i (eigenvectors, Ŵ is p ◊ p orthogonal)
• D̂2

i : variance explained by Ŵi (eigenvalues, D̂2 diagonal)

Scores: Data coordinates in the new system.

Ŝ = (Y ≠ 1nµ̂T )Ŵ

Scores are empirically phylogenetically un-correlated:

ŜTV≠1Ŝ = ŴT (Y ≠ 1nµ̂T )TV≠1(Y ≠ 1nµ̂T )Ŵ

= ŴT [(n ≠ 1)R̂]Ŵ

= (n ≠ 1)D̂2
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Phylogenetic Principal Component Analysis (Revell, 2009)

Diagonalisation of the BM estimated variance:

R̂ = ŴD̂2ŴT

• Ŵi : principal axis i (eigenvectors, Ŵ is p ◊ p orthogonal)

• D̂2
i : variance explained by Ŵi (eigenvalues, D̂2 diagonal)

Scores: Data coordinates in the new system.

Ŝ = (Y ≠ 1nµ̂T )Ŵ

Scores are empirically phylogenetically un-correlated:
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Phylogenetic Principal Component Analysis (Revell, 2009)

Simulation according to an uncorrelated BM.

Trait A

Tr
ai

t B

true variance
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Phylogenetic Principal Component Analysis (Revell, 2009)

Simulation according to an uncorrelated BM.

Trait A

Tr
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t B

true variance
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Ornstein-Uhlenbeck Modeling (Hansen, 1997)
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(1 − e−αt)βt1 2 = ln(2) α dXt = –[— ≠ Xt ] d t + ‡ dBt

Deterministic part:

• —: primary optimum (mechanistically defined).

• ln(2)/–: phylogenetic half live.

Stochastic part:

• Xt : trait value (actual optimum).

• ‡dB(t): Brownian fluctuations.
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OU on a Tree
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SDE: dXt = –[— ≠ Xt ] d t + ‡ dBt

Variance: Cov [Y4;Y5] =
‡2

2–e
≠–(V4+V5)(e2–V45 ≠ 1)

Expectation: E [Yi ] = µe≠–Vi + —(1 ≠ e≠–Vi )
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Multivariate OU Modeling

dXt = A[— ≠ Xt ] d t +⌃ dBt
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Multivariate OU Modeling

dXt = A[— ≠ Xt ] d t +⌃ dBt
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Multivariate OU Modeling

dXt = A[— ≠ Xt ] d t +⌃ dBt
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Multivariate OU

dXt = A[— ≠ Xt ] d t +⌃ dBt

Diagonalizable: A = P⇤P≠1 ⁄k > 0

Expectation: E [Yi ] = µe≠AVi + —(1 ≠ e≠AVi )

Variance: Cov [Yi ;Yj ] = P
#
Wij § P≠1RP≠T

$
PT

Wij =
Ë

1
⁄q+⁄r

e≠⁄qVi e≠⁄r Vj

1
e(⁄q+⁄r )Vij ≠ 1

2È

1Æq,rÆp

Distribution: Still Gaussian.

No nice Kronecker product.

Paul Bastide Complex traits 16/40



Multidimensional Models
Heterogeneous Evolution

Multivariate BM
Multivariate Ornstein-Uhlenbeck
General Gaussian Model

Multivariate OU

dXt = A[— ≠ Xt ] d t +⌃ dBt

Diagonalizable: A = P⇤P≠1 ⁄k > 0

Expectation: E [Yi ] = µe≠AVi + —(1 ≠ e≠AVi )

Variance: Cov [Yi ;Yj ] = P
#
Wij § P≠1RP≠T

$
PT

Wij =
Ë

1
⁄q+⁄r

e≠⁄qVi e≠⁄r Vj

1
e(⁄q+⁄r )Vij ≠ 1

2È

1Æq,rÆp

Distribution: Still Gaussian.

No nice Kronecker product.

Paul Bastide Complex traits 16/40



Multidimensional Models
Heterogeneous Evolution

Multivariate BM
Multivariate Ornstein-Uhlenbeck
General Gaussian Model

Multivariate OU

dXt = A[— ≠ Xt ] d t +⌃ dBt

Diagonalizable: A = P⇤P≠1 ⁄k > 0

Expectation: E [Yi ] = µe≠AVi + —(1 ≠ e≠AVi )

Variance: Cov [Yi ;Yj ] = P
#
Wij § P≠1RP≠T

$
PT

Wij =
Ë

1
⁄q+⁄r

e≠⁄qVi e≠⁄r Vj

1
e(⁄q+⁄r )Vij ≠ 1

2È

1Æq,rÆp

Distribution: Still Gaussian.

No nice Kronecker product.

Paul Bastide Complex traits 16/40



Multidimensional Models
Heterogeneous Evolution

Multivariate BM
Multivariate Ornstein-Uhlenbeck
General Gaussian Model

Multivariate OU

dXt = A[— ≠ Xt ] d t +⌃ dBt

Diagonalizable: A = P⇤P≠1 ⁄k > 0

Expectation: E [Yi ] = µe≠AVi + —(1 ≠ e≠AVi )

Variance: Cov [Yi ;Yj ] = P
#
Wij § P≠1RP≠T

$
PT

Wij =
Ë

1
⁄q+⁄r

e≠⁄qVi e≠⁄r Vj

1
e(⁄q+⁄r )Vij ≠ 1

2È

1Æq,rÆp

Distribution: Still Gaussian.

No nice Kronecker product.

Paul Bastide Complex traits 16/40



Multidimensional Models
Heterogeneous Evolution

Multivariate BM
Multivariate Ornstein-Uhlenbeck
General Gaussian Model

General Model

BM, OU: Instance of a general Gaussian propagation model.

BM: qj = Ip, rj = 0p, ⌃j = ¸jR.

OU: qj = e≠A¸j , rj = (Ip ≠ e≠A¸j )—j , ⌃j = S ≠ e≠A¸jSe≠AT ¸j .

Drift, shifts, Integrated OU...

Easy computations (Kalman filter)
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Intra-species variations Model
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Measurement Errors, Non phylogenetic variations, intra-species variations, ...

“Heritability”: h2 =
V (Ztips)
V (Y)
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Outline

1 Multidimensional Models

2 Heterogeneous Evolution
• Phylogenetic ANOVA
• Regime Painting
• Automatic Shift Detection
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Phylogenetic ANOVA
Regime Painting
Automatic Shift Detection

Monkey Brain Example

expected outcomes is the marked adaptive diversification of eco-
logically relevant phenotypic traits. However, brain morphology
has received little attention in the study of primate adaptive ra-
diations despite its manifest ecological importance. Moreover,
most previous comparative studies of primate brain evolution have
mainly explored the diversification of relative brain size, having
generally overlooked the evolutionary and ecological importance
of variation in other phenotypic dimensions of the process of brain
evolution, e.g., variation in the relative size and position—shape—
of the different brain modules.
Our results indicate that New World monkeys present an ex-

tensive variation in brain shape and, importantly, that only a
fraction of this variation is related to total relative brain size,
indicating that a significant amount of information is not cap-
tured by this variable, as other workers have pointed out (23).
Relative brain size changes are mostly associated with a relative
enlargement of the neocortex, with most localized shape changes
concentrated on the frontal and occipital areas, and correlated
changes in other brain modules (Fig. S3). Additionally, in species
exhibiting this neocortex enlargement, the brainstem shifts its
relative position to a more downwardly oriented location (Fig.
1B and Movie S1). Therefore, although our approach (i.e., vir-
tual endocasts and geometric morphometrics methods) only
allowed quantification of external brain morphology, it can
contribute valuable information that may be otherwise over-
looked, as the conjoint changes in relative size and position of
brain components or structures—as described above—cannot be
measured only with volumetric assessments of the whole brain
(i.e., its absolute or relative volume) or brain parts.
Our results also show that platyrrhines display a significantly

high phylogenetic structure in brain shape variation, as in other
previously studied phenotypic traits (e.g., refs. 21 and 24). Al-
though this is not unexpected at macroevolutionary scales (25),
our results additionally show that several clades exhibit signif-
icantly convergent brain morphologies, suggesting the existence
of ecological or nonneutral evolutionary factors structuring
brain shape variation. Moreover, our model selection results
indicate that, beyond this clear phylogenetic structure, brain
diversification among platyrrhines can be explained invoking a
Simpsonian model of adaptive peak shifts to unique and shared

optima, mainly defined by a multidimensional ecological hy-
pothesis. Particularly, our results suggest that brain shape di-
versification in the platyrrhine radiation may have unfolded in
at least two stages (Fig. 3): an early differentiation (i.e., among
families) within an ecological adaptive landscape mainly de-
fined by diet and locomotion strategy axes, followed by several
shifts at the subfamily level to a shared adaptive peak defined
by social group size, generating shape convergence. The first
stage may be related—although not exclusively—to the changes
represented by PC2, which shows a strong early diversification
pattern, strikingly similar to that of body mass (Fig. 2), which
previous works proposed to have diversified within an adaptive
landscape associated with diet and locomotion strategies (17, 18).
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Fig. 3. Time-calibrated phylogenetic tree for the studied New World
monkey species showing adaptive regimes for the best-fitting model of
brain shape evolution. Regimes were assigned based on diet composition,
locomotion strategy, and group size with exception of Saimiri, which was
assigned based on the SURFACE results (Supporting Information). Drawings
broadly depict the ecological categories that define these regimes and are
not intended to represent ancestral states. Diets are represented by niche-
defining food items (17). Locomotion is represented by typical behaviors.
Group size (small and large) is represented by encircled dots. Convergent
regimes are defined by having large group size. Aotus and Callicebus are
considered by some workers to be sister clades.
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Fig. 2. Disparity-through-time (DTT) plots for brain shape, encephalization
(rECV), and log body mass (BM). Relative disparity at each point indicates the
average extant disparity of the subclades that had an ancestor at that time
with respect to the whole clade disparity. Dashed line and gray shadow
represent the expectation under a BM model of evolution, estimated via
simulations, and its 95% confidence interval, respectively.
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Reminder: One way ANOVA

K groups, each with nk data points:

yki = µk + ‡‘ik , ‘ik ≥ N (0, 1), 1 Æ k Æ K , 1 Æ i Æ nk

One-way ANOVA:

H0 : µk = µl , ’1 Æ k, l Æ K vs H1 : ÷k, l | µk ”= µl

Group 1 as reference:

yki = µ1 + —k + ‡‘ik , with —1 = 0

One-way ANOVA:

H0 : —k = 0, ’2 Æ k Æ K vs H1 : ÷k | —k ”= 0
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Reminder: One way ANOVA

Group 1 as reference:

yki = µ1 + —k + ‡‘ik , with —1 = 0

Linear Model:

y = X— + ‡E X = (1, 12, . . . , 1K ) — = (µ1, —2, . . . , —K )
T

One-way ANOVA is a Fisher global F test

H0 : —k = 0, ’2 Æ k Æ K vs H1 : ÷k | —k ”= 0

F =
Îŷ ≠ ȳÎ

2/(K ≠ 1)

Îy ≠ ŷÎ2/(n ≠ K )
≥
H0

F
K≠1
n≠K .
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Îŷ ≠ ȳÎ
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Simulated Example

set.seed(18300718)
n <- 90
# Noise
eps <- rnorm(n, mean = 0, sd = 1)
# Groups
group <- as.factor(rep(c(1, 2, 3), each = n/3))
# Response variable
mu1 <- 2; mu2 <- -5; mu3 <- 2
y <- mu1 * (group == 1) + mu2 * (group == 2) + mu3 * (group == 3)
y <- y + eps

X =

Q

cccccccccccccccca

1 0 0
...

...
...

1 0 0
1 1 0
...

...
...

1 1 0
1 0 1
...

...
...

1 0 1

R
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— =

Q

a
µ1

µ2 ≠ µ1
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R

b

Paul Bastide Complex traits 23/40



Multidimensional Models
Heterogeneous Evolution

Phylogenetic ANOVA
Regime Painting
Automatic Shift Detection

Simulated Example

plot(y, col = group)
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Simulated Example

fitanova <- lm(y ~ group)
summary(fitanova)

##
## Call:
## lm(formula = y ~ group)
##
## Residuals:
## Min 1Q Median 3Q Max
## -2.8389 -0.6950 0.2115 0.6247 2.0544
##
## Coefficients:
## Estimate Std. Error t value Pr(>|t|)
## (Intercept) 1.92023 0.17258 11.127 <2e-16 ***
## group2 -6.59378 0.24406 -27.017 <2e-16 ***
## group3 -0.02984 0.24406 -0.122 0.903
## ---
## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##
## Residual standard error: 0.9452 on 87 degrees of freedom
## Multiple R-squared: 0.9176,Adjusted R-squared: 0.9157
## F-statistic: 484.4 on 2 and 87 DF, p-value: < 2.2e-16
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Phylogenetic One way ANOVA

Linear Model:

y = X— + ‡E X = (1, 12, . . . , 1K ) — = (µ1, —2, . . . , —K )
T

Phylogenetic Errors (◊ assumed to be known)

E ≥ N (0n,V(◊))

One-way ANOVA is a Fisher global F test

H0 : —k = 0, ’2 Æ k Æ K vs H1 : ÷k | —k ”= 0

F =
Îŷ ≠ ȳÎ

2
V(◊)≠1/(K ≠ 1)

Îy ≠ ŷÎ
2
V(◊)≠1/(n ≠ K )

≥
H0

F
K≠1
n≠K .
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2
V(◊)≠1/(n ≠ K )

≥
H0

F
K≠1
n≠K .

Paul Bastide Complex traits 26/40



Multidimensional Models
Heterogeneous Evolution

Phylogenetic ANOVA
Regime Painting
Automatic Shift Detection

Phylogenetic One way ANOVA

Linear Model:

y = X— + ‡E X = (1, 12, . . . , 1K ) — = (µ1, —2, . . . , —K )
T

Phylogenetic Errors (◊ assumed to be known)

E ≥ N (0n,V(◊))

One-way ANOVA is a Fisher global F test

H0 : —k = 0, ’2 Æ k Æ K vs H1 : ÷k | —k ”= 0

F =
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Simulated Example

set.seed(18300718)
n <- 90
# Tree
tree <- rphylo(n, 0.1, 0)
# Noise
eps <- rTrait(1, tree, "BM",

parameters = list(ancestral.state = 0, sigma2 = 2))
# Groups
group <- as.factor(rep(c(1, 2, 3), each = n/3))
# Response variable
mu1 <- 2; mu2 <- -5; mu3 <- 2
y <- mu1 * (group == 1) + mu2 * (group == 2) + mu3 * (group == 3)
y <- y + eps
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Simulated Example

par(mar = c(5, 0, 0, 0) + 0.1)
plot(tree, show.tip.label = FALSE, x.lim = 45)
phydataplot(y, tree, scaling = 0.1, offset = 4, col = group)
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Simulated Example

fitanova <- lm(y ~ group)
summary(fitanova)

##
## Call:
## lm(formula = y ~ group)
##
## Residuals:
## Min 1Q Median 3Q Max
## -15.9379 -4.7827 0.5931 5.0899 15.8830
##
## Coefficients:
## Estimate Std. Error t value Pr(>|t|)
## (Intercept) 0.5436 1.2830 0.424 0.67282
## group2 -5.6136 1.8144 -3.094 0.00266 **
## group3 -0.6349 1.8144 -0.350 0.72725
## ---
## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##
## Residual standard error: 7.027 on 87 degrees of freedom
## Multiple R-squared: 0.1166,Adjusted R-squared: 0.09629
## F-statistic: 5.741 on 2 and 87 DF, p-value: 0.004549
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Simulated Example

fitphyanova <- phylolm(y ~ group, phy = tree)
summary(fitphyanova)

##
## Call:
## phylolm(formula = y ~ group, phy = tree)
##
## AIC logLik
## 510.4 -251.2
##
## Raw residuals:
## Min 1Q Median 3Q Max
## -18.101 -5.858 -1.062 3.714 15.689
##
## Mean tip height: 26.0683
## Parameter estimate(s) using ML:
## sigma2: 1.911819
##
## Coefficients:
## Estimate StdErr t.value p.value
## (Intercept) 1.976426 2.174670 0.9088 0.3659
## group2 -6.852544 0.491231 -13.9497 <2e-16 ***
## group3 0.095371 0.500516 0.1905 0.8493
## ---
## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##
## R-squared: 0.9624 Adjusted R-squared: 0.9615
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Regime Painting

Phylogenetic ANOVA:

• Test for a known group structure (habitat, ...).

• Each group has its own expectation.

Regime Painting:

• Test for a known group structure (habitat, ...).

• Each group at the tip has its own process parameter
(variance, selection strength, ...)

• Model selection using LRT, AIC, BIC, ...
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Example: OU optima
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Regime Painting: Can we test that orange tips have a di↵erent
optimum than others ?
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Example: OU optima (Butler and King, 2004)

Test of several evolutionary hypotheses for species of Anolis
bimaculatus.
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Regime Painting

Regime Painting:

• Test for a known group structure (habitat, ...).

• Each group at the tip has its own process parameter
(variance, selection strength, ...)

• Model selection using LRT, AIC, BIC, ...

R packages:

• OUwie (univariate) Beaulieu et al. (2012)

• mvMORPH (multivariate) Clavel et al. (2015)
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Regime Painting

Regime Painting:

• Test for a known group structure (habitat, ...).

• Each group at the tip has its own process parameter
(variance, selection strength, ...)

• Model selection using LRT, AIC, BIC, ...

R packages:

• OUwie (univariate) Beaulieu et al. (2012)

• mvMORPH (multivariate) Clavel et al. (2015)

Problem: Shifts (regimes) must be fixed a priori.
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Identifiability
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Equivalencies

µ + δ1 µ + δ1 µ + δ1 µ + δ2 µ + δ2

µ

δ1 δ2
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Equivalent allocations cannot be distinguished from the data.
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Equivalent allocations cannot be distinguished from the data.
Parcimony Keep only solutions with the smallest number of shifts.

Paul Bastide Complex traits 36/40



Multidimensional Models
Heterogeneous Evolution

Phylogenetic ANOVA
Regime Painting
Automatic Shift Detection

New World Monkeys (Aristide et al., 2016)
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New World Monkeys (Aristide et al., 2016)
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Automatic Shift Detection : Optimal Value of an OU

• SURFACE approximate, independent trait
(Ingram and Mahler, 2013)

• bayou Bayesian, univariate trait
(Uyeda and Harmon, 2014)

• l1ou lasso based, independent traits
(Khabbazian et al., 2016)

• PhylogeneticEM maximum likelihood, correlated traits
(Bastide et al., 2017, 2018)
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Automatic Shift Detection : Variance of a BM

• RRW Bayesian, no regime
(Lemey et al., 2010)

• AUTEUR Bayesian
(Eastman et al., 2011)

• BAMM coupled with a birth-death model
(Rabosky et al., 2013)
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Collection of Models
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Linking Shifts and Clustering

Assumption “No Homoplasy”: 1 shift = 1 new color

Proposition “K shifts ≈∆ K + 1 clusters”
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Automatic Shift Detection

Definitions

• T a rooted tree with n tips

• N(T )
K = |CK | the number of possible partitions of the tips in K clusters

• A(T )
K the number of possible marked partitions

Partitions in two groups for a binary
tree with 3 tips

Di↵erence between N(T3)
2 and A(T3)

2 :

• N(T3)
2 = 3: partitions 1 and 2

are equivalent

• A(T3)
2 = 4: one marked color

(“white = ancestral state”)
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General Formula (Binary Case)

If T is a binary tree, consider T¸ and Tr the left and right sub-trees of T . Then:
Y
___]

___[

N(T )
K =

ÿ

k1+k2=K

N(T¸)
k1

N(Tr )
k2

+
ÿ

k1+k2=K+1

A(T¸)
k1

A(Tr )
k2

A(T )
K =

ÿ

k1+k2=K

A(T¸)
k1

N(Tr )
k2

+ N(T¸)
k1

A(Tr )
k2

+
ÿ

k1+k2=K+1

A(T¸)
k1

A(Tr )
k2

We get:

N(T )
K+1 = N(n)

K+1 =

A
2n ≠ 2 ≠ K

K

B
and A(T )

K+1 = A(n)
K+1 =

A
2n ≠ 1 ≠ K

K

B
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Recursion Formula (General Case)

If we are at a node defining a tree T that has p daughters, with sub-trees T1, . . . , Tp ,
then we get the following recursion formulas:

Y
_______]

_______[

N(T )
K =

ÿ

k1+···+kp=K
k1,...,kpØ1

pŸ

i=1

N(Ti )
ki

+
ÿ

IµJ1,pK
|I |Ø2

ÿ

k1+···+kp=K+|I |≠1
k1,...,kpØ1

Ÿ

iœI

A(Ti )
ki

Ÿ

i /œI

N(Ti )
ki

A(T )
K =

ÿ

IµJ1,pK
|I |Ø1

ÿ

k1+···+kp=K+|I |≠1
k1,...,kpØ1

Ÿ

iœI

A(Ti )
ki

Ÿ

i /œI

N(Ti )
ki

No general formula. The result depends on the topology of the tree.
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