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Efficient Computations

Phylogenetic Mixed Model

Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Simple Gaussian Regression

yi = β0 + β1xi + εi , ∀1 ≤ i ≤ n

• yi : quantitative response for i

• xi : quantitative predicting variable for i

• εi : ”error” for i Gaussian random variable

• Centered: E[εi ] = 0 for all i
• Homoscedastic: Var[εi ] = σ2 for all i
• Independent: Cov[εi ; εj ] = 0 for all i 6= j
• iid: ε ∼ N (0n, σ

2In)
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Simple Gaussian Regression

yi = β0 + β1xi + εi , ∀1 ≤ i ≤ n

y1
...
yn

 = β0

1
...
1

+ β1

x1
...
xn

+

ε1
...
εn



Y = β01n + β1x + ε

• Y = (y1, . . . , yn)T random vector of responses
• 1n = (1, . . . , 1)T vector of ones
• x = (x1, . . . , xn)T non random vector of predictors
• ε = (ε1, . . . , εn)T random iid Gaussian vector of errors
• β0, β1 non random, unknown coefficients
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Y = Xβ + ε

• X (n × 2) matrix of regressors

• β (length 2) vector of coefficients
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Multiple Gaussian Regression

y1
...
yn

 = β0

1
...
1

+ β1

x11
...

xn1

+ · · ·+ βp

x1p
...

xnp

+

ε1
...
εn



y1
...
yn

 =

1 x11 . . . x1p
...
1 xn1 . . . xnp



β0

β1
...
βp

+

ε1
...
εn



Y = Xβ + ε

• X (n × p) matrix of regressors (rg(X) = p)
• β (length p) vector of coefficients
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Linear Regression

Y = Xβ + σε

• Y observed vector of traits at the tips of the tree (length n)

• X matrix of regressors (size n × p)

• β vector of coefficients (length p)

• ε vector of errors (length n)
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Y = Xβ + σε

• Y observed vector of traits at the tips of the tree (length n)

• X matrix of regressors (size n × p)

• β vector of coefficients (length p)

• ε vector of errors (length n)

ε ∼ N (0n, In)
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Linear Regression: Estimation

Y = Xβ + σε

β̂ = argmin
β∈Rp

n∑
i=1

yi −
p∑

j=1

xijβj

2

= argmin
β∈Rp

‖Y − Xβ‖2

β̂ = (XTX)−1XTY

Ŷ = Xβ̂ = argmin
u∈MX(Rp)

‖Y − u‖2 = PXY

σ̂2 =
1

n − p

n∑
i=1

(yi − ŷi )
2 =

1

n − p
‖Y − Ŷ‖2
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Linear Regression: Estimation

Y

x

1

Ŷ

ε̂ = Y − Ŷ
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Linear Regression: Estimation

Y = Xβ + σε

Estimators:

β̂ = (XTX)−1XTY

σ̂2 =
1

n − p
‖Y − Ŷ‖2

Distribution:

β̂k − βk√
σ̂2[(XTX)−1]kk

∼ Tn−p

(n − p)σ̂2

σ2
∼ χ2(n − p)
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Brownian Motion on a Tree

2004 2005 2006 2007 2008

Y5

Y4

Y3

Y2

Y1

V45 −
4

−
3

−
2

−
1

0
1

2

time (years)

tr
ai

t

2004 2005 2006 2007 2008

Y5

Y4

Y3

Y2 Y1

• Variance: Cov(Yi ,Yj) = σ2Vij

• Expectation: µ

• Distribution: Y = µ1 + σE, E ∼ N (0n,V).
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Phylogenetic Mixed Model

Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Phylogenetic Linear Regression

Y = Xβ + σE

• Y observed vector of traits at the tips of the tree (length n)

• X matrix of regressors (size n × p)

• β vector of coefficients (length p)

• E vector of phylogenetic errors (length n)
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Phylogenetic Linear Regression

Y = Xβ + σE

• Y observed vector of traits at the tips of the tree (length n)

• X matrix of regressors (size n × p)

• β vector of coefficients (length p)

• E vector of phylogenetic errors (length n)

E ∼ N (0n,V)

V informed by the tree and the trait model
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Phylogenetic Linear Regression

Y = Xβ + σE E ∼ N (0n,V)

BM on a tree:

Y5

Y4

Y3

Y2

Y1

2

1

1

5

4

3

1

5

V =



Y1 Y2 Y3 Y4 Y5

Y1 8 3 0 0 0
Y2 3 4 0 0 0
Y3 0 0 6 2 2
Y4 0 0 2 8 3
Y5 0 0 2 3 4
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Phylogenetic Linear Regression

Y = Xβ + σE E ∼ N (0n,V)

BM on a star tree:

Y5

Y4

Y3

Y2

Y1

1

1

1

1

1

1

1

1

1

1

V =



Y1 Y2 Y3 Y4 Y5

Y1 1 0 0 0 0
Y2 0 1 0 0 0
Y3 0 0 1 0 0
Y4 0 0 0 1 0
Y5 0 0 0 0 1
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Phylogenetic Linear Regression

Y = Xβ + σE E ∼ N (0n,V(α))

OU on a tree:

Y5

Y4

Y3

Y2

Y1

V45

V(α)ij = e−α(Vi+Vj ) e
2αVij − 1

2α
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Phylogenetic Linear Regression

Y = Xβ + σE E ∼ N (0n,V(φ)) φ =
s2

σ2

BM with errors:

Z5

Z4

Z3

Z2

Z1

V45 Y7

Y6

Y5

Y4

Y3

Y2

Y1

s2

V(φ)ij = Vij

V(φ)ii = Vii + φ
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Phylogenetic Mixed Model

Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Generalized Least Squares

Assume that the tree and model (θ) is known.

Y = Xβ + σE, E ∼ N (0n,V)
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Assume that the tree and model (θ) is known.

Y = Xβ + σE, E ∼ N (0n,V)

Cholesky Decomposition:

V = LLT

Var[L−1E] = L−1V[L−1]T = I

De-correlated Regression:

L−1Y = (L−1X)β + σE′, E′ ∼ N (0n, I)
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Generalized Least Squares

Y = Xβ + σE E ∼ N (0n,V(θ))

Estimators:

β̂ = (XTV(θ)−1X)−1XTV(θ)−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV(θ)−1(Y − Xβ̂) =

1

n − p
‖Y − Xβ̂‖2

V(θ)−1
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Y = Xβ + σE E ∼ N (0n,V(θ))

Estimators:

β̂ = (XTV(θ)−1X)−1XTV(θ)−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV(θ)−1(Y − Xβ̂) =

1

n − p
‖Y − Xβ̂‖2

V(θ)−1

Distribution:

β̂k − βk√
σ̂2[(XTV(θ)−1X)−1]kk

∼ Tn−p

(n − p)σ̂2

σ2
∼ χ2(n − p)
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Simulated Example

library(ape)

library(phylolm)

set.seed(18300718)

n <- 100

tree <- rphylo(n, birth = 0.1, death = 0)

plot(tree, show.tip.label = FALSE, no.margin = TRUE)
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Simulated Example

# Regressor

x <- rnorm(n, mean = 0, sd = 4)

# Phylogenetic Noise

eps <- rTrait(n = 1, phy = tree, model = "BM",

parameters = list(ancestral.state = 0, sigma2 = 2))

# Response variable

beta0 <- -10

beta1 <- 0.5

y <- beta0 + beta1 * x + eps
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Simulated Example

par(mar = c(5, 0, 0, 0) + 0.1)

plot(tree, show.tip.label = FALSE, x.lim = 45)

phydataplot(y, tree, scaling = 0.1, offset = 4)

−30 0 20
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Simulated Example

# Standard linear regression

fit <- lm(y ~ x)

summary(fit)

##

## Call:

## lm(formula = y ~ x)

##

## Residuals:

## Min 1Q Median 3Q Max

## -20.0609 -6.4979 0.2226 7.3545 18.9895

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t|)

## (Intercept) -7.8921 0.8888 -8.880 3.25e-14 ***

## x 0.5032 0.2168 2.321 0.0224 *

## ---

## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

##

## Residual standard error: 8.887 on 98 degrees of freedom

## Multiple R-squared: 0.0521,Adjusted R-squared: 0.04243

## F-statistic: 5.387 on 1 and 98 DF, p-value: 0.02236
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Maximum Likelihood Estimation

Simulated Example

# Phylogenetic linear regression

fitphy <- phylolm(y ~ x, phy = tree)

summary(fitphy)

##

## Call:

## phylolm(formula = y ~ x, phy = tree)

##

## AIC logLik

## 573.2 -283.6

##

## Raw residuals:

## Min 1Q Median 3Q Max

## -20.605 -7.110 -0.371 6.751 18.439

##

## Mean tip height: 37.22047

## Parameter estimate(s) using ML:

## sigma2: 1.968463

##

## Coefficients:

## Estimate StdErr t.value p.value

## (Intercept) -7.295577 3.075589 -2.3721 0.01964 *

## x 0.495603 0.010846 45.6953 < 2e-16 ***

## ---

## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

##

## R-squared: 0.9552 Adjusted R-squared: 0.9547
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Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Simulated Example

y = −10 · 1 + 0.5 · x + ε

−10 −5 0 5

−
20
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x

y

−4 −2 0 2 4

0.
0

0.
1

0.
2

0.
3

0.
4

de
ns

ity
tn−2
(α 2)

tn−2
(1−α 2)

Tn−2

With probability 1− α:

tn−2(α/2) ≤ β̂1 − β1√
σ̂2[(XTV−1X)−1]11

≤ tn−2(1− α/2)
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2 Efficient Computations
• Linear Time Computation
• Tree Transformations

3 Phylogenetic Mixed Model
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Linear Time Computation
Tree Transformations

Generalized Least Squares

Y = Xβ + σE E ∼ N (0n,V(θ))

Estimators:

β̂ = (XTV(θ)−1X)−1XTV(θ)−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV(θ)−1(Y − Xβ̂)

2L(y|θ) = n log(2π) + log det V(θ) + (Y − Xβ̂)TV(θ)−1(Y − Xβ̂)
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Generalized Least Squares

Y = Xβ + σE E ∼ N (0n,V(θ))

Estimators:

β̂ = (XTV(θ)−1X)−1XTV(θ)−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV(θ)−1(Y − Xβ̂)

2L(y|θ) = n log(2π) + log det V(θ) + (Y − Xβ̂)TV(θ)−1(Y − Xβ̂)

Naive Computation: Need to invert V(θ) → worse than O(n2).

Three point structure:
Estimators computed in one traversal of the tree → O(n).

+
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Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Y = Xβ + σE E ∼ N (0n,V)

Estimators:

β̂ = (XTV−1X)−1XTV−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV−1(Y − Xβ̂)

2L(y|θ) = n log(2π) + log |V|+ (Y − Xβ̂)TV−1(Y − Xβ̂)

Can be computed in linear time.

• Works for a BM on a tree

• Implemented in phylolm

• What about other models ? V = V(θ).
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Linear Time Computation
Tree Transformations

Tree Transformation Strategy (Pagel, 1999)

Strategy

• See V(θ) as a BM on a modified tree.

• For fixed V(θ), use the fast algorithm.

• Optimize on V(θ) numerically.

Limits

• In general, only works for ultrametric trees.

• Confidence intervals and tests only valid conditionally on θ.
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Tree Transformation Strategy (Pagel, 1999)

Strategy

• See V(θ) as a BM on a modified tree.

• For fixed V(θ), use the fast algorithm.

• Optimize on V(θ) numerically.

Limits

• In general, only works for ultrametric trees.

• Confidence intervals and tests only valid conditionally on θ.

β̂k − βk√
σ̂2[(XTV(θ)−1X)−1]kk

∼ Tn−p
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Pagel’s Lambda

Relax the BM variance structure:

V(λ)ii = Vii

V(λ)ij = λVij

Equivalent to running a BM on a modified tree with:

t(λ)i =

{
λti if i internal node

λti + (1− λ)Vi if i leaf

λ = 1 λ = 0.5 λ = 0
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Pagel’s Lambda

• Used a lot in practice.

• Also exist Pagel’s κ and δ.

• λ ”phylogenetic heritability” (see below).
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Linear Time Computation
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Ornstein-Uhlenbeck

Assuming a ultrametric tree with height T :

V(α)ij = e−2αT e2αVij − 1

2α

Equivalent to running a BM on a modified tree with:

Vi (α) = e−2αT e2αVi − 1

2α

t1 2 = ∞  α = 0 t1 2 = 1 t1 2 = 0.25
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AC/DC

dXt = σ0e
rt/2dBt

V(r)ij =
erVij − 1

r

Assuming a ultrametric tree height T , equivalent to an OU with:

r = 2α

σ2
0 = σ2e−2αT

Case r < 0 (EB) is a repulsing OU.
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1 Linear Regression Framework

2 Efficient Computations

3 Phylogenetic Mixed Model
• Mixed Models and BM Heritability
• General Heritability
• HIV Viral Load
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Phylogenetic Mixed Model (Lynch, 1991; Housworth et al., 2004)

Phylogenetic Regression

Y = Xβ + σEp Ep ∼ N (0n,V(θ))
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Phylogenetic Mixed Model (Lynch, 1991; Housworth et al., 2004)

Phylogenetic Regression

Y = Xβ + σEp Ep ∼ N (0n,V(θ))

Phylogenetic Mixed Model

Y = Xβ + σEp + sEe Ee ∼ N (0n, I)

Distinction between:

• The heritable part of the trait

• Variance σ2V(θ) given by the trait evolution on the tree

• The environemental part of the trait

• Variance iid s2 given by the error model
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BM on a Ultrametric Tree

Z5

Z4

Z3

Z2

Z1

Z6

Z7

Z8

Z9

Y7

Y6
Y5

Y4

Y3
Y2

Y1

Zr = µ root

Zj
∣∣∣ Zpa(j) ∼ N

(
Zpa(j), σ2tj

)
nodes

Yi
∣∣∣ Zpa(i) ∼ N

(
Zpa(i), s2

)
obs

Ultrametric tree: Tip variance is constant equal to σ2T

Phylogenetic Heritability:

h2 =
σ2T

σ2T + s2
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BM on a Ultrametric Tree

Assume a ultrametric tree with height T .
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BM on a Ultrametric Tree

Assume a ultrametric tree with height T .

BM PMM total variance is:

σ2V + s2I with Diag(V) = T I

To have both variances on the same scale, we write:

σ2V + s2I = σ2TV/T + s2I with Diag(V/T ) = I
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Assume a ultrametric tree with height T .

BM PMM total variance is:

σ2V + s2I with Diag(V) = T I

To have both variances on the same scale, we write:

σ2V + s2I = σ2TV/T + s2I with Diag(V/T ) = I

The phylogenetic heritability is defined as:

h2 =
σ2T

σ2T + s2
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Pagel’s lambda a Ultrametric Tree

Assume a ultrametric tree with height T .

Pagel’s lambda variance is:

σ2
λV(λ) = σ2

λ [λV + (1− λ)T I]
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σ2
λV(λ) = σ2
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BM PMM total variance is:
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Assume a ultrametric tree with height T .

Pagel’s lambda variance is:
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σ2V + s2I = (σ2 + s2/T )

[
σ2
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T I

]
The two models are equivalent with:

λ =
σ2T

σ2T + s2
= h2 σ2

λ = σ2 + s2/T
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Assume a ultrametric tree with height T .

Pagel’s lambda variance is:

σ2
λV(λ) = σ2
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[
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λ =
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σ2T + s2
= h2 σ2

λ = σ2 + s2/T

λ is the heritability
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BM on a Non-Ultrametric Tree
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Zr = µ root

Zj
∣∣∣ Zpa(j) ∼ N

(
Zpa(j), σ2tj

)
nodes

Yi
∣∣∣ Zpa(i) ∼ N

(
Zpa(i), s2

)
obs

Ultrametric tree: Tip variance is constant equal to σ2T

h2 =
σ2T

σ2T + s2

Non-Ultrametric tree: How to define tip variances ?

h2 =
σ2T̄

σ2T̄ + s2
(Mitov and Stadler, 2018)

h2 =
σ2Tmax

σ2Tmax + s2
(Leventhal and Bonhoeffer, 2016)
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BM on a Non-Ultrametric Tree

Assume a non ultrametric tree.
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BM PMM total variance is:

σ2V + s2I with Diag(V) = Diag(T1, · · · ,Tn)
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BM on a Non-Ultrametric Tree

Assume a non ultrametric tree.

BM PMM total variance is:

σ2V + s2I with Diag(V) = Diag(T1, · · · ,Tn)

Not a unique scale anymore.
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BM on a Non-Ultrametric Tree

Assume a non ultrametric tree.

BM PMM total variance is:

σ2V + s2I with Diag(V) = Diag(T1, · · · ,Tn)

Not a unique scale anymore.

Leventhal and Bonhoeffer (2016) write: σ2TmaxV/Tmax + s2I.

The phylogenetic heritability is then: h2 = σ2Tmax
σ2Tmax+s2
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BM on a Non-Ultrametric Tree

Assume a non ultrametric tree.

BM PMM total variance is:

σ2V + s2I with Diag(V) = Diag(T1, · · · ,Tn)

Not a unique scale anymore.

Leventhal and Bonhoeffer (2016) write: σ2TmaxV/Tmax + s2I.

The phylogenetic heritability is then: h2 = σ2Tmax
σ2Tmax+s2

Mitov and Stadler (2018) use T̄ instead.

The phylogenetic heritability is then: h2 = σ2T̄
σ2T̄+s2
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Pagel’s Lambda on a Non-Ultrametric Tree

Assume a non ultrametric tree.
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Pagel’s Lambda on a Non-Ultrametric Tree

Assume a non ultrametric tree.

Pagel’s lambda variance is:

σ2
λV(λ) = σ2

λ [λV + (1− λ)V∗]

with V∗ = Diag(V) = Diag(T1, · · · ,Tn).
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Pagel’s lambda variance is:

σ2
λV(λ) = σ2

λ [λV + (1− λ)V∗]

with V∗ = Diag(V) = Diag(T1, · · · ,Tn).

Can λ be used as a measure of heritability in this case ?
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Pagel’s Lambda on a Non-Ultrametric Tree

Assume a non ultrametric tree.

Pagel’s lambda variance is:

σ2
λV(λ) = σ2

λ [λV + (1− λ)V∗]

with V∗ = Diag(V) = Diag(T1, · · · ,Tn).

Can λ be used as a measure of heritability in this case ?

BM PMM with scaled variance is:

σ2V + s2
s V∗

Error accumulate in time (Leventhal and Bonhoeffer, 2016)
a tip further from the root has a larger error.

Paul Bastide Phylogenetic Regression 39/55



Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model

Mixed Models and BM Heritability
General Heritability
HIV Viral Load

Pagel’s Lambda on a Non-Ultrametric Tree

Pagel’s lambda variance:

σ2
λV(λ) = σ2

λ [λV + (1− λ)V∗]

BM PMM with scaled variance:

σ2V + s2
s V∗ = (σ2 + s2

s )

[
σ2

σ2 + s2
s

V + (1− σ2

σ2 + s2
s

)V∗
]
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Pagel’s Lambda on a Non-Ultrametric Tree

Pagel’s lambda variance:

σ2
λV(λ) = σ2

λ [λV + (1− λ)V∗]

BM PMM with scaled variance:

σ2V + s2
s V∗ = (σ2 + s2

s )

[
σ2

σ2 + s2
s

V + (1− σ2

σ2 + s2
s

)V∗
]

The two models are equivalent with:

λ =
σ2

σ2 + s2
s

σ2
λ = σ2 + s2

s

λ is the heritability if the independent errors are scaled.
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BM Heritability

Ultrametric Tree

h2 =
σ2T

σ2T + s2
= λ

Non Ultrametric Tree

h2 =
σ2Tmax

σ2Tmax + s2

h2 =
σ2T̄

σ2T̄ + s2

h2 =
σ2

σ2 + s2
s

= λ
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General Mixed Model (Blanquart et al., 2017)

Y = c + m(θ) + Ep(θ) + Ee

with:

c vector of covariables

m(θ) expectation of the phylogenetic model

Ep(θ) ∼ N (0n,Σ(θ)) variance of the phylogenetic model

Ee ∼ N (0n, s
2I) envorinemental variance
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General Mixed Model (Blanquart et al., 2017)

Y = c + m(θ) + Ep(θ) + Ee

with:

c vector of covariables

m(θ) expectation of the phylogenetic model

Ep(θ) ∼ N (0n,Σ(θ)) variance of the phylogenetic model

Ee ∼ N (0n, s
2I) envorinemental variance

Example: BM

m(θ)i = µ

Σ(θ)ij = σ2Vij
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General Mixed Model (Blanquart et al., 2017)

Y = c + m(θ) + Ep(θ) + Ee

with:

c vector of covariables

m(θ) expectation of the phylogenetic model

Ep(θ) ∼ N (0n,Σ(θ)) variance of the phylogenetic model

Ee ∼ N (0n, s
2I) envorinemental variance

Example: OU

m(θ)i = µe−αVi + β(1− e−αVi )

Σ(θ)ij =
σ2

2α
e−α(Vi+Vj )(e2αVij − 1)
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Empirical Phylogenetic Heritability (Blanquart et al., 2017)

Y = c + m(θ) + Ep(θ) + Ee

Empirical heritability

H2
emp =

S[m(θ) + Ep(θ)]

S[Y]

with S the empirical variance: S[x] =
1

n − 1

n∑
i=1

(
xi −

1

n

n∑
i=1

xi

)2

H2
emp is a stochastic quantity.

Can be computed through simulations.

Paul Bastide Phylogenetic Regression 43/55



Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model

Mixed Models and BM Heritability
General Heritability
HIV Viral Load

Empirical Phylogenetic Heritability (Blanquart et al., 2017)

Y = c + m(θ) + Ep(θ) + Ee

Empirical heritability

H2
emp =

S[m(θ) + Ep(θ)]

S[Y]

with S the empirical variance: S[x] =
1

n − 1

n∑
i=1

(
xi −

1

n

n∑
i=1

xi

)2

H2
emp is a stochastic quantity.

Can be computed through simulations.

Paul Bastide Phylogenetic Regression 43/55



Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model

Mixed Models and BM Heritability
General Heritability
HIV Viral Load

Empirical Phylogenetic Heritability (Blanquart et al., 2017)

Y = c + m(θ) + Ep(θ) + Ee

Empirical heritability

H2
emp =

S[m(θ) + Ep(θ)]

S[Y]

with S the empirical variance: S[x] =
1

n − 1

n∑
i=1

(
xi −

1

n

n∑
i=1

xi

)2

H2
emp is a stochastic quantity.

Can be computed through simulations.

Paul Bastide Phylogenetic Regression 43/55



Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model

Mixed Models and BM Heritability
General Heritability
HIV Viral Load

Mean Empirical Heritability (Blanquart et al., 2017)

Y = c + m(θ) + Ep(θ) + Ee

Empirical heritability

H2
emp =

S[m(θ) + Ep(θ)]

S[Y]

Mean Empirical heritability

h2
emp = E

[
S[m(θ) + Ep(θ)]

S[Y]

]
≈ E [S[m(θ) + Ep(θ)]]

E [S[Y]]

Expectation must be analytically computed for each model.
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BM Mean Empirical Heritability (Hassler et al., 2020)

Y = µ1 + σEp + sEe

Mean Empirical Variance

E [S[Y]] =
n

n − 1
s2 +

(
1

n
tr(V)− 1

n2
1TV1

)
σ2

Mean Empirical heritability

h2
emp ≈

(
1
n tr(V)− 1

n2 1TV1
)
σ2

n
n−1s

2 +
(

1
n tr(V)− 1

n2 1TV1
)
σ2

Yet again an other definition of the BM heritability.
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Shifted BM Mean Empirical Heritability
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Y4
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Y2

Y1

σ2 = 0.01 s2 = 1

δ

Y = µ1 + δ1n/2 + σEp + sEe

Mean Empirical heritability

h2
emp ≈

(
1
n tr(V)− 1

n2 1TV1
)
σ2 + δ2

4
n

n−1s
2 +

(
1
n tr(V)− 1

n2 1TV1
)
σ2 + δ2

4
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Population Heritability (Bastide et al., 2020)

Y = c + m(θ) + Ep(θ) + Ee

Mean Empirical heritability

h2
emp ≈

E [S[m(θ) + Ep(θ)]]

E [S[Y]]
with: S[x] =

1

n − 1

n∑
i=1

(xi − x̄)2
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Population Heritability (Bastide et al., 2020)

Y = c + m(θ) + Ep(θ) + Ee

Mean Empirical heritability

h2
emp ≈

E [S[m(θ) + Ep(θ)]]

E [S[Y]]
with: S[x] =

1

n − 1

n∑
i=1

(xi − x̄)2

Population heritability

h2
pop =

E [Spop[m(θ) + Ep(θ)]]

E [Spop[Y]]

with: Spop[x] =
1

n

n∑
i=1

(xi − E [xi ])
2 E [Spop[x]] =

1

n

n∑
i=1

Var [xi ]
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BM Population Heritability (Bastide et al., 2020)

Y = µ1 + σEp + sEe

Mean Population Variance

E [Spop[Y]] =
1

n

n∑
i=1

Var [Yi ] =
1

n

n∑
i=1

(σ2Ti + s2) = σ2T̄ + s2

Population heritability

h2
pop =

σ2T̄

σ2T̄ + s2

Same definition as Mitov and Stadler (2018).
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Mean Population Variance unchanged by the shift
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n∑
i=1

Var [Yi ] =
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Population heritability unchanged

h2
pop =

σ2T̄

σ2T̄ + s2
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Heritability

Y = c + m(θ) + Ep(θ) + Ee

Empirical heritability: stochastic, affected by expectation

H2
emp =

S[m(θ) + Ep(θ)]

S[Y]
with: S[x] =

1

n − 1

n∑
i=1

(xi − x̄)2

Mean Empirical heritability: affected by expectation

h2
emp =

E [S[m(θ) + Ep(θ)]]

E [S[Y]]

Population heritability: unaffected by expectation.

h2
pop =

E [Spop[m(θ) + Ep(θ)]]

E [Spop[Y]]
with: E [Spop[x]] =

1

n

n∑
i=1

Var [xi ]
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HIV Virulence Heritability (Alizon et al., 2010; Blanquart et al., 2017)

−40 −20 0 0.0 7.1

GSVL

−2.1 0.4

CD4 slope

HIV-1, Sub-type B, MSM, 1171 tips

CD4: T cells decline rate
GSVL: viral load

21 MARCH 2014    VOL 343    SCIENCE    www.sciencemag.org 1328

REVIEW SUMMARY

Virulence and Pathogenesis 
of HIV-1 Infection: 
An Evolutionary Perspective
Christophe Fraser,* Katrina Lythgoe, Gabriel E. Leventhal, George Shirreff, 

T. Déirdre Hollingsworth, Samuel Alizon, Sebastian Bonhoeffer

Background: Why some individuals develop AIDS rapidly whereas 
others remain healthy without treatment for many years remains a cen-
tral question of HIV research. Of the quantities that predict how quickly 
an untreated infection progresses, the most widely used is set-point 
viral load. This measure varies by orders of magnitude between infected 
individuals and is predictive of infectiousness and time to onset of AIDS. 
Host factors, predominantly linked to the immune system, are known to 
infl uence the set point, but 
much variation remains 
unexplained.

Advances: We review recent 
evidence showing that HIV 
genotype infl uences the set 
point viral load far more than 
anticipated. Our summary 
of published estimates sug-
gests that 33% (95% con-
fi dence interval, 20 to 46%) 
of the variation is attribut-
able to the virus. Because 
set-point viral load is heri-
table (partially controlled 
by virus genotype) and is 
linked to transmissibility, it 
is likely to have evolved to 
maintain transmission fit-
ness and may continue to 
evolve in response to diverse 
selection pressures. These 
fi ndings are unexpected and 
paradoxical because rapid 
and error-prone viral repli-
cation should favor within-
host adaptation and rapidly 
scramble signals of viral 
genotype as infection pro-
gresses, rather than leaving 
a lasting footprint that is preserved throughout an infection and from one 
infection to the next in transmission chains.

Outlook: We propose that resolving the paradox of heritability of set-
point viral load will provide new insights into the mechanisms of HIV 
pathogenesis. To this end, we provide three parsimonious, testable, 
and nonexclusive explanatory mechanisms. The first states that HIV 
evolution in virulence genes is more functionally constrained than pre-
viously thought. The second proposes that virulence of HIV is mediated 
through the virus's capacity to systemically activate target cells in which it 

can effi ciently replicate. The 
capacity to activate would 
not be expected to evolve 
rapidly because it does not 
provide a specific selective 
advantage to virus strains 
that activate more cells; 
rather, it is an advantage 
shared by all viruses. The 
third mechanism implicates 
the preferential transmission 
of viruses that are stored in 
nonreplicating cells or dur-
ing early infection, and the 
disproportionate influence 
on long-term pathogenesis 
of these early viruses.

In addition to these 
insights into mechanisms 
of pathogenesis, we believe 
that this research highlights 
a major gap in our knowledge 
of HIV. The identifi cation of 
the genetic determinants of 
HIV virulence, which appear 
to vary between closely 
related strains of the virus, 
should be a major priority. 
Thus, whole-genome associa-
tion studies that are focused 
on the virus genome should 

be pursued and expanded, as well as more functional and mechanistic stud-
ies, which could be guided by hypotheses such as those presented here.

The list of author affi liations is available in the full article online.
*Corresponding author. E-mail: c.fraser@imperial.ac.uk
Cite this article as C. Fraser et al., Science 343, 1243727 (2014). DOI: 10.1126/science.1243727

READ THE FULL ARTICLE ONLINE
http://dx.doi.org/10.1126/science.1243727

HIV genetics and heritability of virulence 

likely contribute to disease severity despite 

intense within-host selection.

A transmission chain with heritable virulence. Individuals infected with HIV show differences 
in clinical progression. Untreated infections are characterized by viral loads (the viral particle 
density in the blood) that are relatively stable for years, but they can differ by orders of magnitude 
between individuals. Host factors clearly infl uence viral load, but viral loads have also recently 
been found to correlate among individuals in transmission pairs and chains. This indicates a 
moderate to strong infl uence of viral genotype on the viral load. Strikingly, this infl uence persists 
for years and across transmission events, despite intense within-host viral evolution.
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Questions: Is virulence“heritable”? Which model of trait evolution?
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Alizon et al. (2010)
Data: Swiss HIV Cohort (MSM, n = 134)
Trait: spVL
Method: Pagel’s lambda
Heritability: 51% [±27%]

Paul Bastide Phylogenetic Regression 52/55



Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model

Mixed Models and BM Heritability
General Heritability
HIV Viral Load

HIV Virulence Heritability

Alizon et al. (2010)
Data: Swiss HIV Cohort (MSM, n = 134)
Trait: spVL
Method: Pagel’s lambda
Heritability: 51% [±27%]

Vrancken et al. (2015)
Data: Swiss HIV Cohort (MSM, n = 134)
Trait: spVL
Method: Pagel’s lambda
Heritability: 50.1% [16.5%, 85.7%]

Paul Bastide Phylogenetic Regression 52/55



Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model

Mixed Models and BM Heritability
General Heritability
HIV Viral Load

HIV Virulence Heritability

Alizon et al. (2010)
Data: Swiss HIV Cohort (MSM, n = 134)
Trait: spVL
Method: Pagel’s lambda
Heritability: 51% [±27%]

Hodcroft et al. (2014)
Data: UK HIV Drug Resistance Database
(n = 8, 483)
Trait: spVL
Method: BM with T̄ (population)
Heritability: 5.8% [2.9%, 8.7%]

Vrancken et al. (2015)
Data: Swiss HIV Cohort (MSM, n = 134)
Trait: spVL
Method: Pagel’s lambda
Heritability: 50.1% [16.5%, 85.7%]

Paul Bastide Phylogenetic Regression 52/55



Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model

Mixed Models and BM Heritability
General Heritability
HIV Viral Load

HIV Virulence Heritability

Alizon et al. (2010)
Data: Swiss HIV Cohort (MSM, n = 134)
Trait: spVL
Method: Pagel’s lambda
Heritability: 51% [±27%]

Hodcroft et al. (2014)
Data: UK HIV Drug Resistance Database
(n = 8, 483)
Trait: spVL
Method: BM with T̄ (population)
Heritability: 5.8% [2.9%, 8.7%]

Vrancken et al. (2015)
Data: Swiss HIV Cohort (MSM, n = 134)
Trait: spVL
Method: Pagel’s lambda
Heritability: 50.1% [16.5%, 85.7%]

Blanquart et al. (2017)
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Heritability GSVL: 30% [8%, 44%] (OU)
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Bastide et al. (2020)
Data: BEEHIVE (MSM, n = 1, 171)
Trait: GSVL, CD4
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Heritability GSVL: 43% [28%, 59%] (OU)
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• Estimates vary a lot.

• Data is difficult to interpret (spVL, heritability).

• Various definitions of heritability are used.

• OU always give higher heritability estimates.
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BM vs OU Heritability

Y = c + m(θ) + Ep(θ) + Ee

OU Phylogenetic Model allows for more individual variations.
t1 2 = ∞  α = 0 t1 2 = 1 t1 2 = 0.25

→ heritability is higher for the OU.
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Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Y = Xβ + σE E ∼ N (0n,V)

Estimators:

β̂ = (XTV−1X)−1XTV−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV−1(Y − Xβ̂)

2L(y|θ) = n log(2π) + log |V|+ (Y − Xβ̂)TV−1(Y − Xβ̂)
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Three Point Structure Algorithm (Ho and Ané, 2014)

Y = Xβ + σE E ∼ N (0n,V)

Estimators:

β̂ = (XTV−1X)−1XTV−1Y

σ̂2 =
1

n − p
(Y − Xβ̂)TV−1(Y − Xβ̂)

2L(y|θ) = n log(2π) + log |V|+ (Y − Xβ̂)TV−1(Y − Xβ̂)

We need to compute:

• log |V|
• Q = XTV−1Y

• p = 1TV−11, µ̂Y = 1TV−1Y/p and µ̂T
X = XTV−11/p
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Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Three Points Structure:

V = t1T1 +

V1 0
. . .

0 Vk
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V1

Vk

V

t0

FIGURE 1. Recursion for the tree traversal: at each internal node, V
is of the form t11′ +A with A block diagonal. Each block Vs of A is of
this form too.

where t≥0 and A is a diagonal matrix with one block for
each subtree stemming from the root. Each block Vs in
A is of the form (1) for the corresponding subtree rooted
by its parent edge (Fig. 1). The algorithm uses a post-
order tree traversal, starting from the external edges and
working toward the root.

1. Initialization: for a tree with a single tip, V= t> 0.
Set log|V|= logt, p=1/t, !̂Y =y, !̃′

X =x′ and Q=
x′y/t, where x and y are the rows of X and Y
corresponding to the current tip.

2. For a tree with two or more tips, consider
(1) for V on this tree. Denote ps, !̃′

X,s, !̂Y,s
and Qs the quantities obtained recursively from
subtree s. Define pA =∑k

s=1ps and weights ws =
ps/pA. Then p=pA/(1+tpA), !̂Y =∑k

s=1ws!̂Y,s,

!̃′
X =∑k

s=1ws!̃
′
X,s, Q=∑k

s=1Qs − tp2
A

1+tpA
!̃′

X!̂Y and

log|V|=∑k
s=1 log|Vs|+log(1+tpA).

3. At the root of the full tree: return log|V| and Q then
stop.

For a growing number of taxa n, our algorithm is linear
in time because it uses a single tree traversal. It is also
linear in memory requirement as it does not seek to
calculate the large V−1 matrix. If one actually needed the
full inverse matrix, then the Woodbury formula could be
used to obtain V−1 in O(n) steps, as detailed in the proof
below.

Proof of formulas for the algorithm. We combine
the decomposition (1) for V=A+t1′1 with the
Woodbury formula for the matrix inverse and Sylvester’s
determinant (Hager 1989) for matrices of the form M=
A+UCV:

M−1 = A−1 −A−1U
(

C−1 +VA−1U
)−1

VA−1 ,

detM = detAdetCdet
(

C−1 +VA−1U
)
.

We use these formulas with the block diagonal matrix A
for which each block Vi is treated recursively, and obtain:

V−1 =A−1 − t
1+tpA

A−111′A−1

where pA =1′A−11=∑k
i=11′V−1

i 1, and detV=
(1+tpA)detA. The recursion for the determinant

is immediate then, because |A|=∏k
s=1 |Vs|. The

recursion for the other components uses the facts that
pA!̂′

X =X′A−11 and pA!̂Y =1′A−1Y. !

Link to other Fast Methods
Our algorithm is based on a tree traversal similar

to that used for independent contrasts, which are
computed in linear time for each trait separatelys
(Felsenstein 1973; Freckleton 2012). These authors use
both the unnormalized contrasts and the contrast
variances to calculate the trait likelihood. Our algorithm
for !̂Y and its precision p parallels the calculation
of independent contrasts. The Gaussian elimination
method by FitzJohn (2012) is also a pruning algorithm,
specifically designed to calculate the likelihood under
BM and OU models. Our algorithm calculates key
terms separately using a rank-one perturbation of the
covariance matrix, for which the 3-point condition
is required. The advantage of this method is its
application to a broad class of models including non-
Gaussian models, and its application to methods using
some components separately like phylogenetic PCA or
phylogenetic prediction (as detailed later).

Implementation and Computing Gain
The algorithm was implemented in the R package

phylolm, with a function to perform phylogenetic
regression for quantitative responses under various
models for the residual error: BM, BM with trend if
the tree is not ultrametric, Pagel’s ", #, and $ models,
and OU models with constant selection strength %

and variance rate &2. These covariance parameters are
estimated jointly with coefficient parameters in the linear
model using maximum likelihood. The linear model
can combine quantitative and categorical predictors.
The package is available at http://cran.r-project.org/
web/packages/phylolm/ .

We quantified the gain in computing time for 10 to
4507 taxa. The tree used for simulation was obtained by
randomly sampling the desired number of taxa from
the 4507-species ultrametric tree in Bininda-Emonds
et al. (2007), rescaled to a total tree height of 1.
For various models of phylogenetic trait evolution,
100 data sets were simulated with the following
parameters: ancestral state !=0, variance rate &2 =1,
optimal value of 1 and %=1 for the OU model, "=
0.5, #=0.5, $=0.5, or r=−1 for the EB model. The
parameters were then estimated on 3.0 GHz processing
units using 3 implementations: our fast algorithm in
phylolm, matrix inversion as used in fitContinuous
in package geiger version 1.3-1, and the newer version
of fitContinuous in geiger version 1.99-3, which
uses FitzJohn’s fast pruning method (2012). Estimation
with fitContinuous v1.3-1 was performed on fewer
than 100 replicates for 1000 or more taxa, due to very
long computing times (3 on 4507 taxa for models other
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Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Initialization : tree with a single tip of length t

• log |V| = t

• Q = xT y/t

• p = 1/t, µ̂Y = y and µ̂T
X = xT
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Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Propagation:
Woodbury and Sylvester formulas for M = A + UCV

M−1 = A−1 − A−1U(C−1 + VA−1U)−1VA−1

|M| = |A| |C|
∣∣C−1 + VA−1U

∣∣

Paul Bastide Phylogenetic Regression 7/8



Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Propagation:
Woodbury and Sylvester formulas for M = A + UCV

M−1 = A−1 − A−1U(C−1 + VA−1U)−1VA−1

|M| = |A| |C|
∣∣C−1 + VA−1U

∣∣
Applied on V = A + t1T1, with A =

V1 0
. . .

0 Vk

:

V−1 = A−1 − t

1 + tpA
A−111TA−1, pA = 1TA−11 =

k∑
s=1

ps
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Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Propagation:
Woodbury and Sylvester formulas for M = A + UCV

M−1 = A−1 − A−1U(C−1 + VA−1U)−1VA−1

|M| = |A| |C|
∣∣C−1 + VA−1U

∣∣
Gives:

• log |V| =
∑k

s=1 log |Vs |+ log(1 + tpA)

• Q =
∑k

s=1 Qs −
tp2

A
1+tpA

µ̂T
X µ̂Y

• p = pA
1+tpA

, µ̂Y =
∑k

s=1
ps
pA
µ̂Y ,s and µ̂T

X =
∑k

s=1
ps
pA

µ̂X ,s
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Finalization : At the root of the tree.
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Three Points Structure: A matrix V has the 3-Point Structure if:

• it is symmetric non-negative
• for any i , j , k, the two smallest of Vij , Vik and Vjk are equal.
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FIGURE 3. A matrix V is 3-point structured if it is symmetric with
Vij ≥0 and if it satisfies the 3-point condition: for any i,j and k, the two
smallest of Vij , Vik and Vjk are equal. Note that this condition can be
verified without knowledge of the underlying tree.

are identical. As we show below, the 3-point structure
implies a tree structure:
Theorem 2 V is 3-point structured if and only if it is the
covariance matrix of a random variable at the tips of some
rooted tree under a BM model. (see Fig. 3).

Proof . The covariance matrix of a random variable
under BM evolution is obviously symmetric with
nonnegative entries and satisfies the 3-point condition.
However, the reverse is far from obvious. Our proof of the
reverse shares some common ideas with the proof of the
fundamental theorem identifying a nonrooted tree from
the 4-point condition in Semple and Steel (2003, theorem
7.2.6). Consider a symmetric matrix V satisfying the 3-
point condition, with nonnegative entries. Note that V
is not assumed to be a covariance matrix. We define a
dissimilarity map !i,j =−2Vi,j if i ̸= j and !i,i =0 for all i.
! has many negative terms, thus does not immediately
identify a tree or positive edge weights. However the
3-point condition for V ensures that ! is an ultrametric
as defined in Semple and Steel (2003, p.149). So there
exists an equidistant representation of ! (theorems 7.2.5
and 7.2.8). In other words, there exists a rooted tree
and a set of edge weights such that !i,j is the sum
of edge weights along the path from i to j. Also, all
internal edge weights are positive and the distance d0
from the root to every tip is the same. We extend the
tree with a root edge of weight −d0 and add Vi,i to the
weight of the external edge connected to i. Then all edge
weights of the new tree are positive and the covariance
matrix of a BM process evolving along this new tree is
exactly V. !

Note that our algorithm is readily applicable to
matrices of the form V=D1ṼD2, when Ṽ is 3-
point structured and D1, D2 are diagonal matrices
with nonzero diagonal elements. Indeed, the quadratic
term X′V−1Y can be obtained with our algorithm
using Ṽ and the transformed data D−1

2 X and D−1
1 Y,

which are straightforward to calculate when D1 and
D2 are diagonal. The determinant is also easy to
calculate from |V|=|D1||Ṽ||D2|. We call such matrices
V generalized 3-point structured. Also, V+D is again
generalized 3-point structured whenever V is and for
every nonnegative diagonal matrix D. This fact can
be used when D represents measurement error or

variation among individuals of the same species, for
instance.

To check whether a matrix V satisfies the 3-point
condition and leads to a particular tree topology T,
we need to check that for any 2 tips i and j, Vij ≤
Vii. If V is known to be a covariance matrix, then
this is automatically satisfied. Next, we also need to
check that for any 3 distinct tips, if i and j are more
closely related to each other than to k on T, then
Vik =Vjk ≤Vij. The equality Vik =Vjk will automatically
hold if Vab can generally be expressed as a feature
of the last common ancestor of a and b, because the
pairs i,k, and j,k share the same common ancestor. In
what follows, we use this criterion to check the 3-point
condition for models arising from a particular rooted tree
topology.

Weak 3-point Condition and Negative Correlations
Our algorithm does not strictly require that all branch

lengths (ts) are nonnegative on the rooted tree identified
from V by the Theorem. It only requires nonnegative
branch lengths at the tips, and 1+tpA > 0 at each step of
the algorithm. Therefore, our algorithm would apply to
a broader class of covariance matrices than to just 3-point
structured matrices, with some potentially negative
correlations. This class of models would still require the
following weak 3-point condition: for each triple i,j,k, at
least two of Vij, Vjk , and Vki are equal.

One example is the PGLS method proposed by Martins
and Hansen (1997). In their models the error variance
depends on the mean, using the estimated mean "a
at the most recent common ancestor of tips i and j.
For instance, they propose Vij ="a(1−"a)exp(−#tij) for
a binary response. This formula ensures that Vik =Vjk
whenever i and j are more closely related to each other
than to k, so the weak 3-point condition is satisfied. The
shared value Vik =Vjk might not necessarily be smaller
than Vij, however.

For a dissimilarity matrix, the weak 4-point condition
identifies a unique unrooted tree with possibly negative
branch lengths (Semple and Steel 2003). However, the
weak 3-point condition on similarity matrices does not
necessarily identify a unique rooted tree. As a counter-
example, the similarity matrix below

V=

⎛

⎜⎝

1 a a b
a 1 b a
a b 1 b
b a b 1

⎞

⎟⎠

satisfies the weak 3-point condition for any a,b≥0.
However, if a ̸=b, we can see that V does not correspond
to any of the 15 possible 4-taxon rooted trees (with
possibly negative branch lengths), in the sense that it
cannot be written as a matrix of shared path lengths
(tij)i,j.
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