The Phylogenetic Regression

Paul Bastide!

1 IMAG, Université de Montpellier, CNRS

December 2021




o

® oo

T
auel

Trait A



Trait B

66
.93e-05
o
o
. - '
o
o
® 0o
o
T T
Trait A




(TR T T T

Trait B

Trait A




(TR T T T

Trait B

Trait A




M

Trait B

p=-0.022 °
p =0.906
° ’ ...
. ° e
e ° °
L]
.
e R T
LJ
0 @ o
L]
T T T T ! I

Trait A




@ Linear Regression Framework

® Efficient Computations

© Phylogenetic Mixed Model



@ Linear Regression Framework
e Reminder: Linear Regression
e Phylogenetic Linear Regression
e Maximum Likelihood Estimation

@® Efficient Computations

© Phylogenetic Mixed Model



Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Simple Gaussian Regression

yi=PBo+ pPixi+e, V1I<i<n

e y;: quantitative response for |

e X;: quantitative predicting variable for /
e ¢;: "error’ for i Gaussian random variable
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Simple Gaussian Regression

yi=PBo+ pPixi+e, V1I<i<n

e y;: quantitative response for |

e X;: quantitative predicting variable for /

e ¢;: "error’ for i Gaussian random variable
o Centered: E[¢;] =0 for all i
o Homoscedastic: Var[e;] = o2 for all i
e Independent: Cov[ej; €j] =0 for all i # j
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Simple Gaussian Regression

yi=PBo+ pPixi+e, V1I<i<n

e y;: quantitative response for |

e X;: quantitative predicting variable for /

e ¢;: "error’ for i Gaussian random variable
o Centered: E[¢;] =0 for all i
o Homoscedastic: Var[e;] = o2 for all i
e Independent: Cov[e;;€j] =0 for all i #
e iid: € ~ N(0,,5°1,)
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yi =080+ Bixi+e€, V1<i<n

Y1 1 X1 €1
=fo || +6| |+

Yn 1 Xn €n

Y = foln+ fix+ €



Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Simple Gaussian Regression
yi=PBo+ Pixi+e, V1<i<n

%1 1 X1 €1
=6 || +B| |+
Yn 1 Xn €n

e Y =(y1,...,yn)" random vector of responses

e 1,=(1,...,1)7 vector of ones

e x=(x1,...,%,)7 non random vector of predictors

e €= (€1,...,€5)" random iid Gaussian vector of errors
e (5, /1 non random, unknown coefficients
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Simple Gaussian Regression

yi 1 X1 €1
=bo || +B| |+
Yn 1 Xn €n
41 1 x 8 €1
. 0
= : -
B
Yn 1 x, €n
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Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Simple Gaussian Regression

7 1
= Bo
Yn 1

Paul Bastide

Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

X1 €1
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Simple Gaussian Regression

341 1 X1 €1
=B || +B| |+
Yn 1 Xn €n
y1 1 x €1
N (50) n
Co b1
Yn 1 Xn €n
Y=X3+¢€

e X (n x 2) matrix of regressors
e 3 (length 2) vector of coefficients
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n 1 X11 X1p €1
=B || B B
Yn 1 Xn1 Xnp €n



Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Multiple Gaussian Regression
n 1 X11 X1p €1
=B || +B| |+ HB| |+

Yn 1 Xn1 Xnp €n

Bo

Y1 1 X111 ... X1p 51 €1

VYn 1 X1 ... Xnp 5 €n
P
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Multiple Gaussian Regression

% 1 X11 X1p €1
=Bo|:|+B| P |+ +B| |+

Yn 1 Xn1 Xnp €n

Y1 1 X111 ... X1p 51 €1
= I
3% 1 X1 ... X ' €
n n np Bp n
Y=XB+¢€
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Multiple Gaussian Regression
% 1 X11 X1p €1

=B || +B| |+ 8| |+

Yn 1 Xn1 Xnp €n

Bo

Y1 1 X111 ... X1p 51 €1
= E
3% 1 X1 ... X ' €
n n np Bp n
Y=XB+¢€

e X (n x p) matrix of regressors (rg(X) = p)
e 3 (length p) vector of coefficients
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Y = X3 + ce

e Y observed vector of traits at the tips of the tree (length n)



Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Linear Regression

Y = X3 + ce
e Y observed vector of traits at the tips of the tree (length n)
e X matrix of regressors (size n x p)

e 3 vector of coefficients (length p)

Paul Bastide Phylogenetic Regression 9/55



Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Linear Regression

Y = X3 + ce

Y observed vector of traits at the tips of the tree (length n)

e X matrix of regressors (size n x p)

B vector of coefficients (length p)

€ vector of errors (length n)
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Linear Regression

Y = X3 + ce

Y observed vector of traits at the tips of the tree (length n)

e X matrix of regressors (size n x p)

B vector of coefficients (length p)

€ vector of errors (length n)

e ~N(0,,1,)
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Y = X8 + e



Y = X3 + ce

2

= argmin Z yi— quﬂj = arﬁgerlgli’nHY — XB|?

BERP i—1



Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Linear Regression: Estimation

Y =XB + e

B = argmin Z Yi— ZXUBJ = argmin]|Y — XB|?
cRP

BERP

i_

B =(XTX)"IxTy
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Linear Regression: Estimation

Y =XB + e

2

A

p
B = argmin Z Vi — Zx,-jﬁj = argmin|lY — X3
BeRr = BeRP

B =(XTX)"IxTy

<>
Il
X

)
Il

argmin ||Y —ul]?> = PxY
ue Mx (RP)
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Linear Regression: Estimation

Y =XB + e
2
B = argmin ; xiB; | = argmin|Y — X3|?
rami ’Z yi— Z iBj remi [ [
B =(XTX)"IxTy
Y = X3 = argmin ||Y —ul?> = PxY
ue Mx (RP)
2=t i(y; —9i)? = iHY - Y|?
n—p 4 n—p
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Y = X8 + e



Y = X3 + ce

Estimators:
B =(XTX)"IxTY
1

6’2

= Y — Y|
n—p




Y = X3 + ce

Estimators:
B =(XTX)"IxTY
1 ~
2= —— V-V
n—p
Distribution:
Bk — Bk ~Tos
VE(XTX) "k
A2
n—p)é
{n=p)F Uf) ~x*(n—p)
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e Variance: Cov(Y;, Y)) = 02V

e Expectation: p
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e Variance: Cov(Y;, Y)) = 02V

e Expectation: p

e Distribution: Y = ul + oE, E ~ N (0,,V).
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Y = X3 + oE



Y = X8 + oE

e Y observed vector of traits at the tips of the tree (length n)



Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Phylogenetic Linear Regression

Y =XB+oE
e Y observed vector of traits at the tips of the tree (length n)
e X matrix of regressors (size n x p)

e 3 vector of coefficients (length p)
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Phylogenetic Linear Regression

Y =XB+oE

Y observed vector of traits at the tips of the tree (length n)

e X matrix of regressors (size n x p)

B vector of coefficients (length p)

E vector of phylogenetic errors (length n)
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Phylogenetic Linear Regression

Y =XB+oE

Y observed vector of traits at the tips of the tree (length n)

e X matrix of regressors (size n x p)

B vector of coefficients (length p)

E vector of phylogenetic errors (length n)

E ~ N(0,,V)

V informed by the tree and the trait model
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Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model

Reminder: Linear Regression
Phylogenetic Linear Regression

Maximum Likelihood Estimation

Phylogenetic Linear Regression

Y =XB+0E E~N(0,V)

BM on a tree:

5
3 "
1 Y1
Y
2 Y2
4 _
. V=Y
2 . Ys
1 " Ys
1
Ys
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Phylogenetic Linear Regression

Y =XB+0E E~N(0,V)

BM on a star tree:

= v, Yi Yo V5 Ve Vs
. Y. /1 0 0 0 O
Y2 Y[ 0o 1 0 0 0
1 v V=Y 0 0 1 0 0
. Yol 0 0 0 1 0
Y Ys\0 0 0 0 1
1 Ye
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Phylogenetic Linear Regression

Y=XB8+0cE E~N(0,V(x)

OU on a tree:

Y2
) 2oV 1

\V; o= 704(\/,'+Vj
(a)j=e %0

Y3
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Phylogenetic Linear Regression

2
S
Y=XB+oE E~N(0,V(9)) ¢=>;
BM with errors:
Y
S 5 V(®)j = Vj
Z < :6 V()i=Vi+¢

<V—45‘ 7o =y
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Assume that the tree and model (8) is known.

Y =XB8+0E, E~AN(0,V)



Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Generalized Least Squares
Assume that the tree and model (8) is known.

Y =XB+0E, E~N(0,V)

Cholesky Decomposition:
V=LL"T

Var[L7'E] = L7V[L7Y]T =1
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Generalized Least Squares
Assume that the tree and model (8) is known.

Y =XB+0E, E~N(0,V)

Cholesky Decomposition:
V=LL"T

Var[L7'E] = L7V[L7Y]T =1

De-correlated Regression:

LY = (L7'X)8 + 0E', E ~N(0,,1)
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Y =XB+0E E~N(0,V(6))



Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Generalized Least Squares

Y =XB+0E E~ N(0, V()

Estimators:

B =(XTv(0)'X)'XTV(8) 'Y
1 s 5 1 5
6= — Y- XB)TV(6) (Y — XB) = s XB 170y
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Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Generalized Least Squares

Reminder: Linear Regression
Phylogenetic Linear Regression
Maximum Likelihood Estimation

Y =XB+0E E~ N(0, V()
Estimators:
B =(XTV(0)1X)"IXTVv(8) Y
N 1 A
B = (Y = XB)TVO) (Y - XB) = T |Y - XAl
Distribution:
B — B T
VERIXTV(O)IX) "
(n—p)5*
P X2(” - p)
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Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Simulated Example

library(ape)
library(phylolm)

set.seed(18300718)

n <- 100

tree <- rphylo(n, birth = 0.1, death = 0)

plot(tree, show.tip.label = FALSE, no.margin = TRUE)

Paul Bastide Phylogenetic Regression 18/55



# Regressor
x <- rnorm(n, mean = 0, sd

# Phylogenetic Noise
eps <- rTrait(n = 1, phy =
parameters =

# Response wartiable
betald <- -10
betal <- 0.5

= 4)

tree, model = "BM",
list(ancestral.state = 0, sigma2 = 2))

y <- beta0 + betal * x + eps



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model Maximum Likelihood Estimation

Simulated Example

par( =c(5, 0, 0, 0) + 0.1)
plot(tree, = FALSE, = 45)
phydataplot(y, tree, =0.1, =4)
— L
e ———
‘ —— E
g m———
¢ =
1
E
—
i
P ————
L 4‘ P e S—
_— =
L
Se=—
rrrr1i
-30 0 20
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# Standard linear regression
fit <- Im(y ~ x)
summary (fit)

##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##

Call:
Im(formula = y ~ x)

Residuals:
Min 1Q  Median 3Q Max
-20.0609 -6.4979 0.2226 7.3545 18.9895

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -7.8921 0.8888 -8.880 3.25e-14 xx¥x*
x 0.5032 0.2168 2.321  0.0224 *

Signif. codes: 0 'xxx' 0.001 's*' 0.01 'x' 0.05 '.' 0.1 ' ' 1

Residual standard error: 8.887 on 98 degrees of freedom
Multiple R-squared: 0.0521,Adjusted R-squared: 0.04243
F-statistic: 5.387 on 1 and 98 DF, p-value: 0.02236



# Phylogenetic linear regression
fitphy <- phylolm(y ~ x, phy = tree)
summary (£itphy)

##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##
##

Call:
phylolm(formula = y ~ x, phy = tree)

AIC logLik
573.2 -283.6

Raw residuals:
Min 1Q Median 3Q Max
-20.605 -7.110 -0.371 6.751 18.439

Mean tip height: 37.22047
Parameter estimate(s) using ML:
sigma2: 1.968463

Coefficients:

Estimate StdErr t.value p.value
(Intercept) -7.295577 3.075589 -2.3721 0.01964 *
x 0.495603 0.010846 45.6953 < 2e-16 ***

Signif. codes: 0 'xxx' 0.001 'sx*' 0.01 'x' 0.05 '.' 0.1 ' ' 1

R-squared: 0.9552 Adjusted R-squared: 0.9547



Linear Regression Framework Reminder: Linear Regression
Efficient Computations Phylogenetic Linear Regression
Phylogenetic Mixed Model Maximum Likelihood Estimation

Simulated Example

y=-10-14+05-x+¢€

density
0.0 01 02 03 04

With probability 1 — a:

31 — 5
ta—2(/2) < VEXTVIX) 1y,

Paul Bastide Phylogenetic Regression 23/55
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® Efficient Computations
e Linear Time Computation
e Tree Transformations

© Phylogenetic Mixed Model



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Generalized Least Squares

Y =XB8+0E E~N(0,V(0))

Estimators:

A

B=(XTV(@)1X)"IXTv(0) 1Y

52— 1 (v xB)TV(O) LY — XB)

A

2L(y|@) = nlog(27) + log det V(8) + (Y — XB3)TV(0)L(Y — X3)

Paul Bastide Phylogenetic Regression 25/55



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Generalized Least Squares

Y =XB+0E E~ N(0, V()

Estimators:

B=(X"V()X)IXTVv(e) Y
52— 1 (v xB)TV(O) LY — XB)

A

2L(y|@) = nlog(27) + log det V(8) + (Y — XB3)TV(0)L(Y — X3)

Naive Computation: Need to invert V(8) — worse than O(n?).
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Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Generalized Least Squares

Y =XB+0E E~ N(0, V()

Estimators:

B =(XTV(0)1X)"IXTVv(8)" Y
52 = 1 (Y~ XB)TV(0) (Y — X})

n—p

~

2L(y|0) = nlog(27) + log det V(0) + (Y — XB3)TV(6)~L(Y — X7)

Naive Computation: Need to invert V() — worse than O(n?).

Three point structure:
Estimators computed in one traversal of the tree — O(n).

Paul Bastide Phylogenetic Regression 25/55



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Y =XB+0E E~N(0,V)

Estimators:

B=XTvIx)"IxTv-ly
1 A .
52 = — p(Y —XB3)TVHY - XB)

2L(y|@) = nlog(27) + log V| + (Y — XB)TV~L(Y — X33)

Can be computed in linear time.

Paul Bastide Phylogenetic Regression 26/55



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Y =XB+0E E~N(0,V)

Estimators:

B=XTvIx)"IxTv-ly
1 A .
52 = — p(Y —XB3)TVHY - XB)

2L(y|@) = nlog(27) + log V| + (Y — XB)TV~L(Y — X33)

Can be computed in linear time.

e Works for a BM on a tree
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Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Y =XB+0E E~N(0,V)

Estimators:

B=XTvIx)"IxTv-ly
1 A .
52 = — p(Y —XB3)TVHY - XB)

2L(y|@) = nlog(27) + log V| + (Y — XB)TV~L(Y — X33)

Can be computed in linear time.

e Works for a BM on a tree

e Implemented in phylolm
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Linear Regression Framework Linezrs e Comptziien

EfficienF Computations Tree Transformations
Phylogenetic Mixed Model
Three Point Structure Algorithm (Ho and Ané, 2014)

Y =XB+0E E~N(0,V)

Estimators:

B=XTvIx)"IxTv-ly
2 1 A\ Tv-1(vy _ XA
G —n_p(Y XB) V(Y —XpB)
2L(y|8) = nlog(27) + log |V| + (Y — XB) VLY — X3)

Can be computed in linear time.

e Works for a BM on a tree
e Implemented in phylolm
e What about other models ? V = V(6).

Paul Bastide Phylogenetic Regression 26/55



Strategy
e See V(@) as a BM on a modified tree.



Strategy
e See V(@) as a BM on a modified tree.
e For fixed V(8), use the fast algorithm.



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Tree Transformation Strategy (Pagel, 1999)

Strategy
e See V(@) as a BM on a modified tree.
e For fixed V(8), use the fast algorithm.
e Optimize on V(0) numerically.
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Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Tree Transformation Strategy (Pagel, 1999)

Strategy
e See V(@) as a BM on a modified tree.
e For fixed V(8), use the fast algorithm.
e Optimize on V(0) numerically.

Limits

e In general, only works for ultrametric trees.
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Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Tree Transformation Strategy

Strategy
e See V(@) as a BM on a modified tree.
e For fixed V(8), use the fast algorithm.
e Optimize on V(0) numerically.

Limits

e In general, only works for ultrametric trees.

(Pagel, 1999)

e Confidence intervals and tests only valid conditionally on 6.

Bi = Br T
~ ~ Jn—p
VE2[(XTV(0)1X)
Paul Bastide Phylogenetic Regression
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Relax the BM variance structure:

V(A)ii = Vi
V(A)j = AVj



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Pagel's Lambda

Relax the BM variance structure:
V(A)i =V
V(A)ij = AVj;
Equivalent to running a BM on a modified tree with:

At if i internal node

t(N)i = s
A+ (1= AV, if i leaf

Paul Bastide Phylogenetic Regression 28/55



Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model iz Tenstameiians

Pagel's Lambda

Relax the BM variance structure:
V(A)i = Vi
V(A)ij = AVj;
Equivalent to running a BM on a modified tree with:

At if i internal node

t(N)i = s
A+ (1= AV, if i leaf

A=1 A=0.5 A

—

0

i

Paul Bastide Phylogenetic Regression 28/55




e Used a lot in practice.



e Used a lot in practice.

e Also exist Pagel's x and §.



e Used a lot in practice.

e Also exist Pagel's x and §.

e )\ "phylogenetic heritability” (see below).



Assuming a ultrametric tree with height T:

20V 1

—2aT €
V(a)j = e " ——



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Ornstein-Uhlenbeck

Linear Time Computation
Tree Transformations

Assuming a ultrametric tree with height T:

2a Vi
oaT€ " 1
V(a)j=e™"" —
Equivalent to running a BM on a modified tree with:
2aV;
esVi—1
V, — o—2aT
(@) =e 2a

Paul Bastide Phylogenetic Regression 30/55



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Ornstein-Uhlenbeck

Linear Time Computation
Tree Transformations

Assuming a ultrametric tree with height T:

2a Vi

esVi—1

V(a): = e—2aT
( )’J 20(
Equivalent to running a BM on a modified tree with:

2aV;

esVi—1

Vi(a) = e 20T =
i(@) 2a

typ=c a=0 ti2=1 t1/2=0.25

— —

pi
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dX; = ooe'/?dB,
=

eVi—1

V() =—




dX; = ooe'/?dB,

eVi—1

V() =—

Assuming a ultrametric tree height T, equivalent to an OU with:

r=2uo
0(2) — g2e—2aT



dX; = ooe'/?dB,

eVi—1

r

V(r); =

Assuming a ultrametric tree height T, equivalent to an OU with:

r=2uo
0(2) — g2e—2aT

Case r < 0 (EB) is a repulsing OU.
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® Efficient Computations

© Phylogenetic Mixed Model
e Mixed Models and BM Heritability
e General Heritability
e HIV Viral Load



Phylogenetic Regression

Y = X8+ 0EP EP ~ N(0,,V(6))



Linear Regression Framework Mixed Models and BM Heritability

Efficient Computations General Heritability
Phylogenetic Mixed Model HIV Viral Load
Phylogenetic Mixed Model (Lynch, 1991; Housworth et al., 2004)

Phylogenetic Regression
Y =XB+0cEP EP ~ N(0,,V(6))
Phylogenetic Mixed Model

Y = XB + 0EP + sE® E® ~ N(0,,1)
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Phylogenetic Mixed Model (Lynch, 1991; Housworth et al., 2004)

Phylogenetic Regression

Y =XB+0cEP EP ~ N(0,,V(6))
Phylogenetic Mixed Model

Y =XB + cEP +sE¢ E® ~ N(0,,1)

Distinction between:
e The heritable part of the trait
e Variance 02V(6) given by the trait evolution on the tree
e The environemental part of the trait
o Variance iid s? given by the error model

Paul Bastide Phylogenetic Regression 33/55



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

BM on a Ultrametric Tree

-
I 2
z Z2< ia

76 — et

vs
zZ' | z* < v
78 25— v

Paul Bastide

Mixed Models and BM Heritability

General Heritability

HIV Viral Load
Z'=pn root
yl ‘ y Al N./\/(Zpa(j)7 O'2tj> nodes
Y| 220 N (270, 9) obs

Phylogenetic Regression



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

BM on a Ultrametric Tree

T <= \&
o 2
z’ I_Z2< is

76 — et

vs
zZ' | z* < v
78 25— v

Mixed Models and BM Heritability

General Heritability

HIV Viral Load
Z'=pn root
yl ‘ y Al N./\/(Zpa(j)7 O'2tj> nodes
Y| 220 N (270, 9) obs

Ultrametric tree: Tip variance is constant equal to 02T

Paul Bastide

Phylogenetic Regression



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

BM on a Ultrametric Tree

T |_Z -
"I 2
z Z2< ia

76 — et

oY
zZ' | Z‘< v
78 25— v

Mixed Models and BM Heritability
General Heritability
HIV Viral Load

Z'=pn root
yl ‘ y Al ~N(Zpa(j), O'2tj> nodes

Y ’ 770 o N (z"a("),s2) obs

Ultrametric tree: Tip variance is constant equal to 02T

Phylogenetic Heritability:
h =

Paul Bastide

T
2T + s2

Phylogenetic Regression
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Assume a ultrametric tree with height T.



Assume a ultrametric tree with height T.

BM PMM total variance is:

02V + sl with Diag(V) = T



Linear Regression Framework Mixed Models and BM Heritability
Efficient Computations General Heritability
Phylogenetic Mixed Model HIV Viral Load

BM on a Ultrametric Tree
Assume a ultrametric tree with height T.

BM PMM total variance is:
o®V + 5?1 with Diag(V) = T1
To have both variances on the same scale, we write:

0°V + 21 =02TV/T + 5?1 with Diag(V/T) =1
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BM on a Ultrametric Tree

Assume a ultrametric tree with height T.

BM PMM total variance is:
o®V + 5?1 with Diag(V) = T1
To have both variances on the same scale, we write:
0°V + 5?1 = 0®TV/T + 5?1 withDiag(V/T) =1
The phylogenetic heritability is defined as:
W o?T

02T + 52

Paul Bastide Phylogenetic Regression 35/55



Assume a ultrametric tree with height T.



Assume a ultrametric tree with height T.

Pagel's lambda variance is:

o3V(\) = 03 [AV + (1 = \) T
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Pagel's lambda a Ultrametric Tree
Assume a ultrametric tree with height T.

Pagel's lambda variance is:
o3V()\) = 03 [AV + (1 = \) T

BM PMM total variance is:

2 2
2 2 2 2 g g
V | = T)| ———=V 1———— | TI
oV +s (0 +5°/ ){02—1—52/T —i—( 02—1—52/T> }
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Pagel's lambda a Ultrametric Tree

Assume a ultrametric tree with height T.

Pagel's lambda variance is:
o3V()\) = 03 [AV + (1 = \) T

BM PMM total variance is:

2 2
2 2 2, 2 g o
\' | = T | ———=V 1—-———-—TI
oV +s (0% +s7/ ){02—1—52/T —i—( 02—1—52/T> }
The two models are equivalent with:
o?T

:0_27_7_'_52:/72 0/2\:02+52/T
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Pagel's lambda a Ultrametric Tree
Assume a ultrametric tree with height T.

Pagel's lambda variance is:
o3V(\) = 03 [AV + (1 — \) T

BM PMM total variance is:

2 2
2 2 2, 2 o g
\Y = T)| ——=V 1—-———5—=|TI
oV +s (0= +s°/ )L2+52/_’_ +( a2+52/T> }
The two models are equivalent with:
2
o’ T 2 2 2, 2
=T e o=o+s/T

A is the heritability
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BM on a Non-Ultrametric Tree
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BM on a Non-Ultrametric Tree

T =Y

— < ﬁ» Z'=pn root
5 Sy Z | zn0 N./\/(Zpa(j)7 O'2tj> nodes
2% Y70 N (2705 obs

s B
78 Sy

Ultrametric tree: Tip variance is constant equal to o2 T

h2 ag 2 T
02T + s?
Paul Bastide Phylogenetic Regression
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BM on a Non-Ultrametric Tree

z
41, 2 Z'=pn root
A Z"< ::3

Blistl ~N(Zpa(j), O'2tj> nodes

. z

7 <& ﬁ Y ’ zP0 N (Zpa(i),s2) obs

Ultrametric tree: Tip variance is constant equal to 02T
T

W=
02T + s2

Non-Ultrametric tree: How to define tip variances ?
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BM on a Non-Ultrametric Tree

e
44_ v ’ Z'=p root
A z° < v

. zZ | zV ~N(Zpa(j), O'2tj> nodes

Y ’ 770 o N (z"a("),s2) obs

Ultrametric tree: Tip variance is constant equal to 02T
T

W=
02T + s2

Non-Ultrametric tree: How to define tip variances ?

h* = —=—— (Mitov and Stadler, 2018)
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BM on a Non-Ultrametric Tree

z
41, 2 Z'=pn root
z Z"< ::3

. zZ | zV N./\/(Z"a(j)7 O'2tj> nodes

7 <& ﬁ Y ’ zP0 N (Zpa(i),s2) obs

Ultrametric tree: Tip variance is constant equal to 02T
T

2 __
h = 02T + s2

Non-Ultrametric tree: How to define tip variances ?

2 0'2 7—
= ——=—— (Mitov and Stadler, 2018)
02T +s2
0-2 Tmax
02 Trax + 52

Paul Bastide Phylogenetic Regression 37/55
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Assume a non ultrametric tree.



Assume a non ultrametric tree.

BM PMM total variance is:

02V + %1 with Diag(V) = Diag(T1,---, Tn)



Linear Regression Framework Mixed Models and BM Heritability

Efficient Computations General Heritability
Phylogenetic Mixed Model HIV Viral Load

BM on a Non-Ultrametric Tree

Assume a non ultrametric tree.

BM PMM total variance is:

02V + %1 with Diag(V) = Diag(Ty, - - -

Not a unique scale anymore.
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BM on a Non-Ultrametric Tree
Assume a non ultrametric tree.
BM PMM total variance is:
02V + 5?1 with Diag(V) = Diag(Ty, -+, Tn)
Not a unique scale anymore.

Leventhal and Bonhoeffer (2016) write: 02 T1naxV/ Trmax + s°1.
2

The phylogenetic heritability is then: h? =
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BM on a Non-Ultrametric Tree
Assume a non ultrametric tree.

BM PMM total variance is:
02V + %1 with Diag(V) = Diag(T1,---, Tn)
Not a unique scale anymore.

Leventhal and Bonhoeffer (2016) write: 02 T1naxV/ Trmax + s°1.

The phylogenetic heritability is then: h? = %
Mitov and Stadler (2018) use T instead. i
The phylogenetic heritability is then: h? = 02";152
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Assume a non ultrametric tree.
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Pagel's Lambda on a Non-Ultrametric Tree
Assume a non ultrametric tree.

Pagel's lambda variance is:
oIV(A) = 03 [AV + (1 — A\)V7]

with V* = Diag(V) = Diag(T1,--- , Tp).
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Pagel's Lambda on a Non-Ultrametric Tree
Assume a non ultrametric tree.

Pagel's lambda variance is:
oIV(A) = 03 [AV + (1 — A\)V7]

with V* = Diag(V) = Diag(T1,--- , Tp).

Can X\ be used as a measure of heritability in this case ?
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Pagel's Lambda on a Non-Ultrametric Tree
Assume a non ultrametric tree.

Pagel's lambda variance is:
oIV(A) = 03 [AV + (1 — A\)V7]
with V* = Diag(V) = Diag(T1,---, Tp).

Can )\ be used as a measure of heritability in this case ?

BM PMM with scaled variance is:
0%V + s2V*

Error accumulate in time (Leventhal and Bonhoeffer, 2016)
a tip further from the root has a larger error.
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Pagel's Lambda on a Non-Ultrametric Tree

Pagel's lambda variance:
a3V(A) = o3 [A\V + (1 — \)V7]

BM PMM with scaled variance:

2 2
2 2\y* 2 2
UV"‘SSV —(U +SS) mv+(1_
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Pagel's Lambda on a Non-Ultrametric Tree

Pagel's lambda variance:
a3V(A) = o3 [A\V + (1 — \)V7]

BM PMM with scaled variance:

2 2
2 2\y* 2 2
UV"‘SSV —(U +SS) mv+(1_

The two models are equivalent with:

0'2 2

)\:ﬁ O')\:0'2+552
0+ S§
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Pagel's Lambda on a Non-Ultrametric Tree

Pagel's lambda variance:
a3V(A) = o3 [A\V + (1 — \)V7]

BM PMM with scaled variance:

2 2
2 2\y* 2 2
UV"‘SSV —(U +SS) 0'27—|—552V+(1_

The two models are equivalent with:

2
(o2
0+ S§

A
A is the heritability if the independent errors are scaled.

Paul Bastide Phylogenetic Regression
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Ultrametric Tree

2 _ a’T _
02T +s2
Non Ultrametric Tree

2
0 Tax

W= "
02T ax + 52



Linear Regression Framework Mixed Models and BM Heritability

Efficient Computations General Heritability
Phylogenetic Mixed Model HIV Viral Load
General Mixed Model (Blanquart et al., 2017)

Y =c+m(0)+ EP(6) + E®

with:
c vector of covariables
m(0) expectation of the phylogenetic model
EP(0) ~ N(0,,X(0)) variance of the phylogenetic model
E® ~ N(0,,5°l) envorinemental variance

Paul Bastide Phylogenetic Regression
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General Mixed Model (Blanquart et al., 2017)

Y =c+m(0)+ EP(6) + E®

with:
o vector of covariables
m(6) expectation of the phylogenetic model
EP(0) ~ N(0,,X(0)) variance of the phylogenetic model
E® ~ N(0,,s°l) envorinemental variance
Example: BM

m(0); = u
x(6); = 0°Vj
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General Mixed Model (Blanquart et al., 2017)

Y =c+m(0)+ EP(6) + E®

with:
o vector of covariables
m(6) expectation of the phylogenetic model
EP(0) ~ N(0,,X(0)) variance of the phylogenetic model
E® ~ N(0,,s°l) envorinemental variance
Example: OU

m(0); = pe Vi + B(1 — e Vi)

2
>(0); = ;—ae_a(\/f+‘/f)(e2°“/"f' —1)
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Phylogenetic Mixed Model HIV Viral Load
Empirical Phylogenetic Heritability (Blanquart et al., 2017)

Y =c+m(0)+ EP(6) + E®

Empirical heritability

, _ Slm(6) + E%(0)]
Meme = = 51V]

2
1 O 1<
with S the empirical variance:  S[x] = — Z <x,- - = x,-)
n— n
i=1
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Empirical Phylogenetic Heritability (Blanquart et al., 2017)

Y =c+m(0)+ EP(6) + E®

Empirical heritability

, _ Slm(6) + E%(0)]
Meme = = 51V]

2
1 O 1<
with S the empirical variance:  S[x] = — Z <x,- - = x,-)
n— n
i=1

Hgmp is a stochastic quantity.
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Empirical Phylogenetic Heritability

Y =c+m(0)+ EP(6) + E®

Empirical heritability

, _ Slm(6) + E%(0)]
Meme = = 51V]

1 n
with S the empirical variance: S[x] = — Z <x,-

n—14%
i=1

Hgmp is a stochastic quantity.

Can be computed through simulations.

Paul Bastide Phylogenetic Regression
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Efficient Computations General Heritability
Phylogenetic Mixed Model HIV Viral Load
Mean Empirical Heritability (Blanquart et al., 2017)

Y =c+m(0)+ EP(6) + E®
Empirical heritability

, _ Slm(6) + E%(0)]
Meme = = 51V]

Mean Empirical heritability

2 _ g |SIm(@) +EP(O)]| _ E[S[m(6) + E*(6)]]
o S[Y] E[S[Y]]
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Mean Empirical Heritability (Blanquart et al., 2017)

Y =c+m(0)+ EP(6) + E®
Empirical heritability

, _ Slm(6) + E%(0)]
Meme = = 51V]

Mean Empirical heritability

2 _ g |SIm(@) +EP(O)]| _ E[S[m(6) + E*(6)]]
o S[Y] E[S[Y]]

Expectation must be analytically computed for each model.
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Efficient Computations General Heritability
Phylogenetic Mixed Model HIV Viral Load
BM Mean Empirical Heritability (Hassler et al., 2020)

Y = 1 + oEP + sE€
Mean Empirical Variance

n
n—1

E[S[Y]] = s+ (}7 tr(V) — ,1121Tv1> o?

Mean Empirical heritability
2 (Ltr(V)— £17V1) 02

mp 52 4 (Ler(V) — L1TV1) 02

n—1
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Efficient Computations General Heritability
Phylogenetic Mixed Model HIV Viral Load
BM Mean Empirical Heritability (Hassler et al., 2020)

Y = pl + oEP + sE°
Mean Empirical Variance

n
n—1

E[S[Y]] = s+ (}7 tr(V) — ,1121Tv1> o?

Mean Empirical heritability
2 (Ltr(V)— £17V1) 02

mp 52 4 (Ler(V) — L1TV1) 02

n—1

Yet again an other definition of the BM heritability.
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Shifted BM Mean Empirical Heritability

0°=0.01 s?=1

Y1

Zy

Y = pul +61,,, + oEP + sE€

Mean Empirical heritability

2 (% tr(V) — %ITVI) % + %
P2 (Lar(v) - L1TV1) 02 4+ &

n—1 n
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Shifted BM Mean Empirical Heritability

0°=0.01 s°=1 0
Z; Y 075
E
= Method
— 7, —_— Y £ o5
5 Empirical
I
— 7 — Y3 o025
1
T
3 e 7, — Yy 000
0 10

Y = pul +61,,, + oEP + sE€

Mean Empirical heritability

2 (% tr(V) — %ITVI) % + %
emp n

s+ (Fr(V) — 51TV1) 02 + &

n

Paul Bastide Phylogenetic Regression

46/55



Linear Regression Framework Mixed Models and BM Heritability

Efficient Computations General Heritability
Phylogenetic Mixed Model HIV Viral Load
Population Heritability (Bastide et al., 2020)

Y =c+m(0)+ EP(6) + E®

Mean Empirical heritability

E [S[m(0) + EP(0 . 1 —\2
hgmp% £l Ié[é[—;]] (O] with:  S[x] = n_IZ(X,'—X)
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Population Heritability (Bastide et al., 2020)

Y =c+m(0)+ EP(6) + E®
Mean Empirical heritability

1 CORS S0) I Z

emp E [S[Y]] i1

Population heritability
E [Spop[m(6) + EP(6)]]

2
N o S )
with:  Spop[X] = %Z (i —E[x])? E[Spoplx]] = %ZVar [xi]
i=1 i=1
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Y = pl + oEP + sE°

Mean Population Variance

1 18 B
E [Spop[Y1] = — D Var[vi] = - S (02T + 2) = 2T 4 52
i=1 i=1



Linear Regression Framework Mixed Models and BM Heritability

Efficient Computations General Heritability
Phylogenetic Mixed Model HIV Viral Load
BM Population Heritability (Bastide et al., 2020)

Y = pul + oEP + sE°

Mean Population Variance

1 — 1< i}
E [SPOP[Y]] = ; ;Var[yi] = ; ;(02 T; + 52) =T + s?
1= 1=
Population heritability
2T

PP T 52T 4 g2
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Efficient Computations General Heritability
Phylogenetic Mixed Model HIV Viral Load
BM Population Heritability (Bastide et al., 2020)

Y = pul + oEP + sE°

Mean Population Variance

1 — 1< i}
E [SPOP[Y]] = ; ;Var[yi] = ; ;(02 T; + 52) =T + s?
1= 1=
Population heritability
2T

Ry = =
PP 52T 4 52

Same definition as Mitov and Stadler (2018).
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Shifted BM Population Heritability

¢°=0.01 s°=1 :
Z; Y 075
z
= Method
—_z —_— Y B oso
5 Empirical
I

— 73 — Y3

5 b—eez, —,

Mean Empirical heritability

2 (Ltr(V) - 317V1) 02 + §
emp ™ ﬁ52+(%tr(V)—%1TV1) o? %2
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Shifted BM Population Heritability

0°=0.01 s?=1

Y1 075

Zy

Method
—_z — Y

Empirical

Heritability
P
3

— —_— Y

5 Lb—2z —v

Mean Empirical heritability
2
2 A (% tr(V) — %ITVI) 0%+ %
emp nT”152 + (% tr(V) — %ITVI) o2 CZTZ

Mean Population Variance unchanged by the shift

1 o 1 )
E[Spopl¥]] = = D Var[Yi] = 23 (0* T +8%) = T + &2
i=1 i=1
Paul Bastide Phylogenetic Regression
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Shifted BM Population Heritability

2 1.00

0°=0.01 s?=1

Y1 075

Zy

—_z — Y

Heritability

— 2% —

5 b—eez, —,

Method
Empirical

~—— Population

Mean Empirical heritability

(2tr(V) - L17V1) o2+ &

o
TP g2 4 (Lar(V) — £17V1) 02
Population heritability unchanged
» _ o’T
bor = 3T | 52

Paul Bastide Phylogenetic Regression
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Heritability

Y =c+m(0) + EP(6) + E°

Empirical heritability: stochastic, affected by expectation

S[m(0) + EP(0)] .
Hgmp SY] with:  S[x] = 72

Mean Empirical heritability: affected by expectation

w2 _ ES[m(8) +EP(9)]]
e E[S[Y]]

Population heritability: unaffected by expectation.

- E[spo,fE[r[ré(e);]l]sp(e)]] with:  E [Spop] = -3 Var[x]
pop i=1
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Linear Regression Framework
Efficient Computations

Phylogenetic Mixed Model HIV Viral Load
HIV Virulence Heritability (Alizon et al., 2010; Blanquart et al., 2017)

CD4: T cells decline rate
GSVL: viral load

’
il J

] 7121

HIV-1, Sub-type B, MSM, 1171 tips ==

Fraser et al. (2014)

Questions: Is virulence “heritable”? Which model of trait evolution?
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Phylogenetic Mixed Model

HIV Virulence Heritability

Alizon et al. (2010)

Data: Swiss HIV Cohort (MSM, n = 134)
Trait: spVL

Method: Pagel’s lambda

Heritability: 51% [£27%]

Hodcroft et al. (2014)

Data: UK HIV Drug Resistance Database
(n=8,483)

Trait: spVL

Method: BM with T (population)
Heritability: 5.8% [2.9%, 8.7%]
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Mixed Models and BM Heritability
General Heritability
HIV Viral Load

Vrancken et al. (2015)

Data: Swiss HIV Cohort (MSM, n = 134)
Trait: spVL

Method: Pagel's lambda

Heritability: 50.1% [16.5%, 85.7%]
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HIV Virulence Heritability

Alizon et al. (2010)

Data: Swiss HIV Cohort (MSM, n = 134)
Trait: spVL

Method: Pagel’s lambda

Heritability: 51% [£27%]

Hodcroft et al. (2014)

Data: UK HIV Drug Resistance Database
(n=8,483)

Trait: spVL

Method: BM with T (population)
Heritability: 5.8% [2.9%, 8.7%]
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Mixed Models and BM Heritability
General Heritability
HIV Viral Load

Vrancken et al. (2015)

Data: Swiss HIV Cohort (MSM, n = 134)
Trait: spVL

Method: Pagel's lambda

Heritability: 50.1% [16.5%, 85.7%]

Blanquart et al. (2017)

Data: BEEHIVE (MSM, n = 1,196)
Trait: GSVL, CD4

Method: OU-BM, empirical

Heritability GSVL: 30% [8%, 44%] (OU)
Heritability CD4: 11% [0%, 19%] (BM)
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Hassler et al. (2020)

Data: BEEHIVE (MSM, n=1,171)
Trait: GSVL, CD4

Method: BM, mean empirical
Heritability GSVL: 21% [11%, 30%]
Heritability CD4: 16% [7%, 35%]
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Data: UK HIV Drug Resistance Database
(n=8,483)
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Hassler et al. (2020)
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Method: BM, mean empirical
Heritability GSVL: 21% [11%, 30%]
Heritability CD4: 16% [7%, 35%]
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Mixed Models and BM Heritability
General Heritability
HIV Viral Load

Vrancken et al. (2015)

Data: Swiss HIV Cohort (MSM, n = 134)
Trait: spVL

Method: Pagel's lambda

Heritability: 50.1% [16.5%, 85.7%]

Blanquart et al. (2017)

Data: BEEHIVE (MSM, n = 1,196)
Trait: GSVL, CD4

Method: OU-BM, empirical

Heritability GSVL: 30% [8%, 44%] (OU)
Heritability CD4: 11% [0%, 19%] (BM)

Bastide et al. (2020)

Data: BEEHIVE (MSM, n=1,171)
Trait: GSVL, CD4

Method: OU-BM, population

Heritability GSVL: 43% [28%,59%] (OU)
Heritability CD4: 27% [15%, 38%] (BM)
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Linear Regression Framework Mixed Models and BM Heritability
Efficient Computations General Heritability
Phylogenetic Mixed Model HIV Viral Load

HIV Virulence Heritability

Estimates vary a lot.
Data is difficult to interpret (spVL, heritability).
Various definitions of heritability are used.

OU always give higher heritability estimates.
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Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model HIV Viral Load

BM vs OU Heritability

Y =c+m(0)+ EP(6) + E®

OU Phylogenetic Model allows for more individual variations.

tyz=w a=0 =1 t/,=0.25

— — 1

4

— heritability is higher for the OU.
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Linear Regression Framework
Efficient Computations

Mixed Models and BM Heritability
General Heritability

Phylogenetic Mixed Model HIV Viral Load
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Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Y =XB+0E E~N(0,V)

Estimators:

B=(XTv1ix)"IxTv-ly
1 A .
5% = . p(Y—Xﬁ)TV*l(Y—xg)

2L(y|@) = nlog(27) + log |V| + (Y — XB)TV7L(Y — XB)
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Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Y =XB+0E E~N(0,V)

Estimators:

B=(XTv1ix)"IxTv-ly
1 A .
5% = . p(Y—Xﬁ)TV*l(Y—xg)

2L(y|@) = nlog(27) + log |V| + (Y — XB)TV7L(Y — XB)

We need to compute:
e log|V|
e Q=X"V1lYy
e p=1TV-11, oy =17V-Y/pand g} = XTV-11/p
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Three Points Structure:

Vi 0
V=t1T1+
0 Vi
J
t
FV
v

Ho and Ané (2014)



Initialization : tree with a single tip of length t

e log|V|=t
cQ=xTy/t

o p=1/t, iy =y and if =xT



Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Propagation:
Woodbury and Sylvester formulas for M = A + UCV

Mt=A"1_Alyu(Cc?t+VvAlU)VATL

M| = |A[[C|[C" + VAT'U

Paul Bastide Phylogenetic Regression 7/8



Linear Regression Framework
Efficient Computations
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Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Propagation:
Woodbury and Sylvester formulas for M = A + UCV

Mt=A"1_Alyu(Cc?t+VvAlU)VATL
M| = |A][C||C™! + VA~IU|
Vi 0

Applied on V = A +t171, with A = .
0 Vi

k
t
vi=a1l- o tpAA’lllTA’l, pa=1"A"T1=> p,

s=1
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Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Propagation:
Woodbury and Sylvester formulas for M = A + UCV

Mt=A"1_Alyu(Cc?t+VvAlU)VATL
M| = |A][C||C™! + VA~IU|

Gives:

o log |V| = Y&, log V| + log(1 + tpa)
k 2 AT A
*Q=>,,Q:— 1+pt?)A /‘;:“Y

— _ba Ny — k " k Ps A
® P=114p, Y = P p ofy s and MX =2 51 paMX,s
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Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure Algorithm (Ho and Ané, 2014)

Propagation:
Woodbury and Sylvester formulas for M = A + UCV

Mt=A"1_Alyu(Cc?t+VvAlU)VATL
M| = |A][C||C™! + VA~IU|

Gives:

o log|V| = &, log|Vs| + log(1 + tpa)
k 2 AT
° Q = Es:l QS - 1+’1?)A[1/)—,(—/.LY

— _ba Ny — k " k Ps A
® P=114p, Y = P p ofy s and MX =2 51 paMX,s

Finalization : At the root of the tree.
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Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure (Ho and Ané, 2014)

Three Points Structure: A matrix V has the 3-Point Structure if:
e it is symmetric non-negative
e for any i,j, k, the two smallest of Vj;, Vj and Vi are equal.

i

Ho and Ané (2014)
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Linear Regression Framework
Efficient Computations
Phylogenetic Mixed Model

Linear Time Computation
Tree Transformations

Three Point Structure (Ho and Ané, 2014)

Three Points Structure: A matrix V has the 3-Point Structure if:
e it is symmetric non-negative
e for any i,j, k, the two smallest of Vj;, Vj and Vi are equal.

Ho and Ané (2014)

Theorem: V is 3-point structured if and only if it is the covariance
matrix of a random variable at the tips of some rooted tree under a
BM model.
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