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Phylogenetic Comparative Methods

Callithrix jacchus
Callithrix penicillata
Callithrix kuhlii
Callithrix aurita
Mico humeralifer
Mico chrysoleucus
Mico argentatus
Cebuella pygmaea
Callimico goeldii
Leontopithecus chrysomelas
Leontopithecus rosalia
Saguinus bicolor
Saguinus midas
Saguinus mystax
Saguinus fuscicollis
Aotus azarae
Aotus nigriceps
Cebus apella
Cebus robustus
Cebus albifrons
Cebus capucinus
Saimiri sciureus
Saimiri boliviensis
Ateles geoffroyi
Ateles marginatus
Ateles paniscus
Ateles chamek
Brachyteles hypoxanthus
Brachyteles arachnoides
Lagothrix lagotricha
Alouatta macconnelli
Alouatta seniculus
Alouatta caraya
Alouatta belzebul
Alouatta guariba
Alouatta palliata
Alouatta pigra
Cacajao calvus
Cacajao melanocephalus
Chiropotes satanas
Chiropotes chiropotes
Pithecia monachus
Pithecia irrorata
Pithecia pithecia
Callicebus moloch
Callicebus brunneus
Callicebus donacophilus
Callicebus personatus

Cranial size (log CS)

t1/2 = 19.9% t1/2 = 19.9% t1/2 = 131.6% t1/2 = 28.6%

Aristide et al. (2018)

Dellicour et al. (2017)

Vrancken et al. (2015)

• Various time scales: Myr – decade.

• Various traits: morpho, geo, viral.

Question: Trait dynamics for an evolving organism ?
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Multivariate Brownian Motion
Multivariate Ornstein-Uhlenbeck

BM on a Tree
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Multivariate Brownian Motion
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EDS: dXt = σ dBt

Variance: Cov [Y4;Y5] = σ2 × V45 shared evolution time

Expectation: E [Yi ] = µ ancestral root value
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Distribution: Normal

Y ∼ N (µ1n, σ
2V)
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Multivariate Brownian Motion
Multivariate Ornstein-Uhlenbeck

Multivariate BM

2000 2002 2004 2006
0.5 0.5

Data: Vectors of p traits

YT
i = (Yi1, . . . ,Yip)

Tree: Influenza H3N2 (Lemey et al., 2014)
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Multivariate Brownian Motion
Multivariate Ornstein-Uhlenbeck

Multivariate BM

2000 2002 2004 2006
0.5 0.5

Data: Vectors of p traits

YT
i = (Yi1, . . . ,Yip)

EDS: d Xt = Σ d Bt R = ΣTΣ

Variance: Cov [Yik ;Yjl ] = Rkl × Vij shared evolution time

Expectation: E [Y·k ] = µk ancestral root value

Tree: Influenza H3N2 (Lemey et al., 2014)
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Multivariate Brownian Motion
Multivariate Ornstein-Uhlenbeck

Multivariate BM

2000 2002 2004 2006
0.5 0.5

Data: Vectors of p traits

YT
i = (Yi1, . . . ,Yip)

Distribution: Matrix Normal

Y ∼MN (1nµ
T ,V,R) Var [vec(Y)] = R⊗ V

Tree: Influenza H3N2 (Lemey et al., 2014)
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Multivariate Brownian Motion
Multivariate Ornstein-Uhlenbeck

Ornstein-Uhlenbeck Modeling (Hansen, 1997)
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β

(1 − e−αt)βt1 2 = ln(2) α dXt = α[β − Xt ] d t + σ dBt

Deterministic part:

• β: optimum value.

• α: selection strength (attenuation).

Stochastic part:

• Xt : trait value.

• σdB(t): Brownian fluctuations.
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Multivariate Brownian Motion
Multivariate Ornstein-Uhlenbeck

Multivariate OU Modeling

d Xt = A[β − Xt ] d t + Σ d Bt
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Distribution on a Tree: Still Gaussian. No nice Kronecker product.
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MCMC Sampling
Efficient Likelihood

Bayesian Phylogenetics

Goal:

p (θ, T ,ψ | Y,S)

∝ p (Y,S | θ, T ,ψ ) p (θ, T ,ψ)

∝ p (Y | θ, T ) p (S | T ,ψ ) p (θ, T ,ψ)

∝ p (Y | θ, T ) p (θ) p (S | T ,ψ ) p (T ,ψ)

Assumption: Y and S independent conditionally on T .

This talk: T fixed.
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MCMC Sampling
Efficient Likelihood

BM: Gibbs with Conjugate Priors

Likelihood:
Y|R,µ ∼MN (1nµ

T ,V,R)

Conjugate Priors:

R ∼ IW(R0, ν)

µ|R ∼ N (µ0, κ
−1
0 R)

Gibbs:

R|Y,µ ∼ IW(Rn, νn) with Rn = f (Y,µ,V)

↪→ Automatic sampling in the space of variance matrices.
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Likelihood:
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T ,V,R)

Conjugate Priors:

R ∼ IW(R0, ν)

µ|R ∼ N (µ0, κ
−1
0 R)

Gibbs:

R|Y,µ ∼ IW(Rn, νn) with Rn = f (Y,µ,V)

↪→ Automatic sampling in the space of variance matrices. :-)
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MCMC Sampling
Efficient Likelihood

OU: No Gibbs

Likelihood:
Y|A,R,µ 6∼ MN

Conjugate Priors: ? → No Gibbs

→ Sample in constrained spaces (A, R)

Transformation:

f :

{
Cq → Rq

θ 7→ ν = f (θ)
; πθ(θ) = πν(f (θ))× |Jf (θ)|

Metropolis - Hasting Iterate:
• Draw ν∗ in q (ν | νt ).
• Set θ(t+1) = θ∗ = f −1(ν∗) with probability

rt = min

{
1,

p (Y | θ∗ )

p
(

Y
∣∣ θt ) p (θ∗)

p
(
θt
) q(ν(t)|ν∗)

q(ν∗|ν(t))

|Jf (θ(t))|
|Jf (θ∗)|

}
.
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MCMC Sampling
Efficient Likelihood

Transformations

Variance Matrix: LKJ (Lewandowski, Kurowicka, and Joe, 2009)

Decomposition Use correlation matrix C.

R =

σ1 0
. . .

0 σp


 1 Ckl

. . .

Ckl 1


σ1 0

. . .

0 σp


Cholesky C = WTW with: • W 2

1k + · · ·+ W 2
kk = 1 (correlation)

• Wkk > 0 (identifiability)

↪→ Each column W·k is in the half euclidian unit sphere Sh
k (R).

Attenuation Matrix:

Assumptions A = PΛP−1 λk ∈ R λk > 0

λ1 < λ2 < · · · < λp

Identifiability ‖P·k‖ = 1 Ppk > 0

↪→ Each column P·k is in the half euclidian unit sphere Sh
p (R).
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MCMC Sampling
Efficient Likelihood

General Model

BM, OU: Instance of a general Gaussian propagation model.

Y9

Y8

Y7

Y6

Y5

Z1

Z2

Z3

Z4

X =

{
Z : latent nodes

Y : tips

X1 ∼ N (µ,Γ) root

Xj
∣∣∣ Xpa(j) ∼ N

(
qiX

pa(i) + ri , Σi

)
tips and nodes

Likelihood: log p(Y) one post-order traversal

Gradient: ∂
∂φj

[log p(Y)] = E
[

F(Xj ;φj)
∣∣ Y
]

one pre-order traversal
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Implementation and Dataset
Heritability
Results

Implementation (Suchard et al., 2018)

• MCMC for tree estimation

• Comprehensive set of tools:

• Factor model
• Marginal Likelihood
• ...

• Developed in Java since 2002.

• This is BEAST 1.10.
Don’t ask about BEAST 2.

What’s new:

• Flexible OU models

• Efficient sampling of variance

• Efficient HMC (in progress)
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Implementation and Dataset
Heritability
Results

HIV virulence heritability (Alizon et al., 2010; Vrancken et al., 2015)

VL

2 5.77

CD4

−980.66 272.05

CD4: CD4+ T cells decline rate
VL: Set point viral load

21 MARCH 2014    VOL 343    SCIENCE    www.sciencemag.org 1328

REVIEW SUMMARY

Virulence and Pathogenesis 
of HIV-1 Infection: 
An Evolutionary Perspective
Christophe Fraser,* Katrina Lythgoe, Gabriel E. Leventhal, George Shirreff, 

T. Déirdre Hollingsworth, Samuel Alizon, Sebastian Bonhoeffer

Background: Why some individuals develop AIDS rapidly whereas 
others remain healthy without treatment for many years remains a cen-
tral question of HIV research. Of the quantities that predict how quickly 
an untreated infection progresses, the most widely used is set-point 
viral load. This measure varies by orders of magnitude between infected 
individuals and is predictive of infectiousness and time to onset of AIDS. 
Host factors, predominantly linked to the immune system, are known to 
infl uence the set point, but 
much variation remains 
unexplained.

Advances: We review recent 
evidence showing that HIV 
genotype infl uences the set 
point viral load far more than 
anticipated. Our summary 
of published estimates sug-
gests that 33% (95% con-
fi dence interval, 20 to 46%) 
of the variation is attribut-
able to the virus. Because 
set-point viral load is heri-
table (partially controlled 
by virus genotype) and is 
linked to transmissibility, it 
is likely to have evolved to 
maintain transmission fit-
ness and may continue to 
evolve in response to diverse 
selection pressures. These 
fi ndings are unexpected and 
paradoxical because rapid 
and error-prone viral repli-
cation should favor within-
host adaptation and rapidly 
scramble signals of viral 
genotype as infection pro-
gresses, rather than leaving 
a lasting footprint that is preserved throughout an infection and from one 
infection to the next in transmission chains.

Outlook: We propose that resolving the paradox of heritability of set-
point viral load will provide new insights into the mechanisms of HIV 
pathogenesis. To this end, we provide three parsimonious, testable, 
and nonexclusive explanatory mechanisms. The first states that HIV 
evolution in virulence genes is more functionally constrained than pre-
viously thought. The second proposes that virulence of HIV is mediated 
through the virus's capacity to systemically activate target cells in which it 

can effi ciently replicate. The 
capacity to activate would 
not be expected to evolve 
rapidly because it does not 
provide a specific selective 
advantage to virus strains 
that activate more cells; 
rather, it is an advantage 
shared by all viruses. The 
third mechanism implicates 
the preferential transmission 
of viruses that are stored in 
nonreplicating cells or dur-
ing early infection, and the 
disproportionate influence 
on long-term pathogenesis 
of these early viruses.

In addition to these 
insights into mechanisms 
of pathogenesis, we believe 
that this research highlights 
a major gap in our knowledge 
of HIV. The identifi cation of 
the genetic determinants of 
HIV virulence, which appear 
to vary between closely 
related strains of the virus, 
should be a major priority. 
Thus, whole-genome associa-
tion studies that are focused 
on the virus genome should 

be pursued and expanded, as well as more functional and mechanistic stud-
ies, which could be guided by hypotheses such as those presented here.

The list of author affi liations is available in the full article online.
*Corresponding author. E-mail: c.fraser@imperial.ac.uk
Cite this article as C. Fraser et al., Science 343, 1243727 (2014). DOI: 10.1126/science.1243727
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HIV genetics and heritability of virulence 

likely contribute to disease severity despite 

intense within-host selection.

A transmission chain with heritable virulence. Individuals infected with HIV show differences 
in clinical progression. Untreated infections are characterized by viral loads (the viral particle 
density in the blood) that are relatively stable for years, but they can differ by orders of magnitude 
between individuals. Host factors clearly infl uence viral load, but viral loads have also recently 
been found to correlate among individuals in transmission pairs and chains. This indicates a 
moderate to strong infl uence of viral genotype on the viral load. Strikingly, this infl uence persists 
for years and across transmission events, despite intense within-host viral evolution.
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Questions: Is virulence “heritable”? What model of trait evolution?
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Models of Trait Evolution
Efficient Bayesian Inference

HIV Virulence Heritability Study

Implementation and Dataset
Heritability
Results

Heritability
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Results

Model:

VL OU (stabilizing selection)

CD4 BM (no selection)

The two traits can be correlated.

Heritability:

VL h2 = 17% [0.007, 82.5]% (95% CI)

CD4 h2 = 0.02% [0.0024, 0.16]%

↪→“Consistent” with previous estimates.
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Models of Trait Evolution
Efficient Bayesian Inference

HIV Virulence Heritability Study

Conclusion and Perspectives

A general framework for trait evolution with dated tips.

Main Features:

• Flexible models and implementation

• Efficient algorithms

• Applicable to virology

Perspectives:

• Develop HMC

• Identifiability

• Other questions: geographical spread, comparative studies, ...
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