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Phylogenetic Comparative Methods
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® Various time scales: Myr — decade.

® Various traits: morpho, geo, viral.
skunk:
R

Question: Trait dynamics for an evolving organism ?

Dellicour et al. (2017)
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Efficient Bayesian Inference
HIV Virulence Heritability Study

BM on a Tree

Multivariate Brownian Motion
Multivariate Ornstein-Uhlenbeck
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Variance: Cov[Ys; V5] = 02 x Vs shared evolution time
Expectation: E[Yj]=p ancestral root value
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Distribution: Normal

Y ~ N(pl,, 02V)
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Multivariate BM

2000 2002 2004 2006

Paul Bastide

Multivariate Brownian Motion

Data: Vectors of p traits

Y =Y, .., Yp)

Tree: Influenza H3N2 (Lemey et al., 2014)
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Multivariate BM
Data: Vectors of p traits
Y] = (Ya,...,Yp)

Multivariate Brownian Motion

2000 2002 2004 2006
EDS: dX;=XdB, R=x"x
Variance: Cov [Yik; Yi] = R x Vi shared evolution time
Expectation:  E[Y.(] = u ancestral root value

Tree: Influenza H3N2 (Lemey et al., 2014)
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Multivariate BM

Multivariate Brownian Motion

Data: Vectors of p traits

YT =(Yi,..., Yp)

2000 2002 2004 2006

Distribution: Matrix Normal

Y ~ MN(1,u7,V,R) Var [vec(Y)] =R® V

Tree: Influenza H3N2 (Lemey et al., 2014)
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i i Multivariate Brownian Motion
Efficient Bayesian Inference UL whi i

I Wil Claiel iy Sl Multivariate Ornstein-Uhlenbeck
Ornstein-Uhlenbeck Modeling (Hansen, 1997)

phenotype

-200 -150 -100 -50 0

time
Deterministic part:
e (. primary optimum (mechanistically defined).
e In(2)/a: phylogenetic half live.
Stochastic part:
e X;: trait value (actual optimum).

e 0dB(t): Brownian fluctuations.
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Multivariate OU Modeling

Multivariate Brownian Motion
Multivariate Ornstein-Uhlenbeck
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Multivariate OU Modeling

Multivariate Brownian Motion
Multivariate Ornstein-Uhlenbeck
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e 5 Multivariate Brownian Motion
Sifteent; Eayesem [igense Multivariate Ornstein-Uhlenbeck
HIV Virulence Heritability Study

Multivariate OU Modeling
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Multivariate Brownian Motion
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Multivariate Ornstein-Uhlenbeck
Multivariate OU Modeling

Diagonalizable in R:
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Diagonalizable: A =PAP™! X\, >0

Expectation: E[Yi] = pe AV + B(1 — e AY)



Diagonalizable: A =PAP™! X\, >0

Expectation: E[Yi] = pe AV + B(1 — e AY)

Variance: Cov[YiY,]=P[W; 0P 'RP"T] P’

w; = [;e—xqv,- “AY; (e(xqm)v,-,- _ 1)]
AatAr 1<q,r<p
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Multivariate OU

Multivariate Brownian Motion
Multivariate Ornstein-Uhlenbeck

Diagonalizable: A = PAP! X\ >0

Expectation: E[Yi] = pe AV + B(1 — e AY)

Variance: Cov[YiY,]=P[W; 0P 'RP"T] P’

w; = {A L_e NaViegm MY, (e‘*q“”"v - 1)}
atAr 1<q,r<p

Distribution: Still Gaussian.

No nice Kronecker product.
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Goal:

p(6, T, |Y,S)



Goal:

p(6, T, [Y,S) cp(Y,S|60,T,¢)p(0,T,v)
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MCMC Sampling
Using the Tree

Bayesian Phylogenetics

Goal:
p(0,T,¢|Y,S) ocp(Y,S|6,T,9)p(0,T,v)
xp(Y [0, T)p(S|T,¥)p(0,T,v)

Assumption: Y and S independent conditionally on 7.
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MCMC Sampling
Using the Tree

Bayesian Phylogenetics

Goal:

p(0,T,%|Y,S) ocp(Y,S|6,T,9)p(0,T,9)
xp(Y |0, T)p(S|T,¢)p(0,T,¢)
< p(Y [0, 7)pO0)p(S|T.4)p(T,¢)

Assumption: Y and S independent conditionally on 7.

This talk: T fixed.

Paul Bastide Viral Trait Evolution
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Goal: Sample from p(0 |Y) x p(Y | 0)p(0)
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MCMC Sampling
Using the Tree

MCMC
Goal: Sample from p(0|Y)oxp(Y |6)p(6)

Metropolis - Hasting: lterate:
e Draw 6" inq (0] 6°).
e Set 9T = @* with probability:

o[ p(Y16%) p(67) a(6®]6")
t 'p(Y[6%)p (69 q07(6D) |

Paul Bastide Viral Trait Evolution 11/28



Models of Trait Evolution
Efficient Bayesian Inference
HIV Virulence Heritability Study

MCMC Sampling
Using the Tree

MCMC
Goal: Sample from p(0|Y)oxp(Y |6)p(6)

Metropolis - Hasting: lterate:
e Draw 6" inq (0] 6°).
e Set 9T = @* with probability:

p(Y|6%) p(6) q(6716")

- {1 p(Y|6°) p(67) q(o“)\e*)}

Gibbs:
e Split 6 = (9[1], .. H[K])

e Draw 6" in p(6 k]\H[ K’ Y) so that r; = 1.
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Likelihood:

YRy~ MN(1,u",V,R)



Likelihood:

YIR, pu ~ MA (11", V,R)

Conjugate Priors:

R ~ IW(Ro, v)
lJ"lR ~ N(l“'Oa ”JIR)
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BM: Gibbs with Conjugate Priors

MCMC Sampling
Using the Tree

Likelihood:
YR, u~MN1,u",V,R)

Conjugate Priors:

R ~ TW(Ro, )
p[R ~ N(pg, g 'R)

Gibbs:

RIY,u ~IW(Rp,vn) with R, =f(Y,pu,V)

Paul Bastide Viral Trait Evolution 12/28



Models of Trait Evolution
Efficient Bayesian Inference
HIV Virulence Heritability Study

BM: Gibbs with Conjugate Priors

MCMC Sampling
Using the Tree

Likelihood:
YR, u~MN1,u",V,R)

Conjugate Priors:

R ~ TW(Ro, )
p[R ~ N(pg, g 'R)

Gibbs:

RIY,u ~IW(Rp,vn) with R, =f(Y,pu,V)
— Automatic sampling in the space of variance matrices.
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BM: Gibbs with Conjugate Priors

MCMC Sampling
Using the Tree

Likelihood:
YR, u~MN1,u",V,R)

Conjugate Priors:

R ~ TW(Ro, )
p[R ~ N(pg, g 'R)

Gibbs:

RIY,u ~IW(Rp,vn) with R, =f(Y,pu,V)
< Automatic sampling in the space of variance matrices.  :-)
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Likelihood:

YIA,R, p £ MN

Conjugate Priors: 777



Likelihood:

YA R, 1 4 MN

Conjugate Priors: 777

Gibbs: Not possible.



Likelihood:

Y|A R, 4 MN

Conjugate Priors: 777
Gibbs: Not possible.

Metropolis - Hasting:

Need to sample in constrained spaces (A, R).



Transformation:

Cq — RY
f:
60— v=1_(0)



Transformation:

Cq — RY
f:
0—v=r_(0)

Distribution: For a distribution 7:

mo(0) = m,((0)) x |J¢ ()]
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MCMC Sampling
Using the Tree

MH in constrained space

Transformation:
Cq — RY
f:
06— v=r1(0)

Distribution: For a distribution :
mo(6) = m(£(0)) x [Jr(6)]

Metropolis - Hasting: lterate:
e Draw v* in q(v | V).
o Set 9(t+1) = 9* = F~1(1*) with probability

[ p(Y167) p(67) a ") 1S (60D)
t P (Y[6°) p (6 a(v @) [Jr(67)]
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MCMC Sampling
Using the Tree

Variance matrix: LKJ transformation (Lewandowski et al., 2009)

Decomposition: Use correlation matrix C

01 0 1 Cu o1 0
R =

Paul Bastide Viral Trait Evolution 15/28



Models of Trait Evolution
Efficient Bayesian Inference
HIV Virulence Heritability Study

MCMC Sampling
Using the Tree

Variance matrix: LKJ transformation (Lewandowski et al., 2009)

Decomposition: Use correlation matrix C

01 0 1 Cu o1 0
R =

o Real positive :-)
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MCMC Sampling
Using the Tree

Variance matrix: LKJ transformation (Lewandowski et al., 2009)

Decomposition: Use correlation matrix C

01 0 1 Cu o1 0
R =

o Real positive :-)

C: Correlation matrix :-(
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MCMC Sampling
Using the Tree

Variance matrix: LKJ transformation (Lewandowski et al., 2009)

Decomposition: Use correlation matrix C

01 0 1 Cu o1 0
R =

o Real positive :-)

C: Correlation matrix :-(

LKJ: Transformation on the space of correlation matrices.
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MCMC Sampling
Using the Tree

Variance matrix: LKJ transformation (Lewandowski et al., 2009)

Decomposition: Use correlation matrix C

01 0 1 Cu o1 0
R =

o: Real positive :-)

C: Correlation matrix :-(

LKJ: Transformation on the space of correlation matrices.
— Use “vine" theory.

< Easier and more efficient: Cholesky representation.

Paul Bastide Viral Trait Evolution 15/28
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MCMC Sampling
Using the Tree

Variance matrix: LKJ transformation (Lewandowski et al., 2009)
T
1 W12 s Wlp 1 W12 s Wlp
C—WW = Was : Was :
0 Wop 0 Wep
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MCMC Sampling

Using the Tree

Variance matrix: LKJ transformation (Lewandowski et al., 2009)
1 W12 o Wlp T 1 W12 v Wlp
C—WW = W2, : Wa, :
0 Wop 0 Wop
< Each column k is in the half euclidian unit sphere S{(R):
o W2+ +WZE =1 (correlation)
e Wi >0 (identifiability)
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MCMC Sampling

Using the Tree

Variance matrix: LKJ transformation (Lewandowski et al., 2009)
1 W12 o Wlp T 1 W12 v Wlp
C—WW = W2, : Wa, :
0 Wop 0 Wop
< Each column k is in the half euclidian unit sphere S{(R):
o W2+ +WZE =1 (correlation)
e Wi >0 (identifiability)

< Diffeomorphism to the euclidian (open) ball Bx_1(R):

{Bk—l(R) — SE(R) SHR) Wa
Vi o Wao= (Vi /1= V)

Paul Bastide Viral Trait Evolution 16/28



< Sampling in Bx_1(R) ?



< Sampling in Bx_1(R) ? — B2 1(R) is easier.
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MCMC Sampling
Using the Tree

Precision matrix: LKJ transformation (Lewandowski et al., 2009)

— Sampling in Bx_1(R) ? — B2 1 (R) is easier.
-1,1[— R
< “Fisher Z" transform tanh™! : 1 (1 + x)
x+— —In
2 1—x
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MCMC Sampling
Using the Tree

Precision matrix: LKJ transformation (Lewandowski et al., 2009)

— Sampling in Bx_1(R) ? — B2 1 (R) is easier.
-1,1[— R
< “Fisher Z" transform tanh™! : 1 (1 + x)
x+— —In
2 1—x

< Transformation B;°;(R) — Bx_1(R) ?

N

LKJ;(z) = { . +

I A —-2)V? ifl<i<k-—1. \i\ J

Paul Bastide Viral Trait Evolution 17/28
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MCMC Sampling
Using the Tree

Precision matrix: LKJ transformation (Lewandowski et al., 2009)

Result: Smooth transformation from RP(P~1)/2 to the space of
correlation matrices.
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MCMC Sampling
Using the Tree

Precision matrix: LKJ transformation

Result: Smooth transformation from RP(P~1)/2 to the space of

correlation matrices.
Xk € ]Rk71

X12 e X1p

Xp—1p

Paul Bastide

Viral Trait Evolution

(Lewandowski et al., 2009)

18/28



Models of Trait Evolution
Efficient Bayesian Inference
HIV Virulence Heritability Study

MCMC Sampling
Using the Tree

Precision matrix: LKJ transformation

Result: Smooth transformation from RP(P~1)/2 to the space of

correlation matrices.

Xk € ]Rk71 — z, € BZXLI(R)
Xio - X1p . Zip - Zip
%
Xp—1p o Zp-1p
0 . 0
Paul Bastide Viral Trait Evolution

(Lewandowski et al., 2009)
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MCMC Sampling
Using the Tree

Precision matrix: LKJ transformation (Lewandowski et al., 2009)

Result: Smooth transformation from RP(P~1)/2 to the space of
correlation matrices.

Xk € ]Rk71 — z, € BZXLI(R) — V. € kal(R)
xi2 o Xip C oz e oz VA Vip
— —
Xp—1p B Zp—1p - Vo—1p
0 0 0 .

Paul Bastide Viral Trait Evolution 18/28
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MCMC Sampling
Using the Tree

Precision matrix: LKJ transformation (Lewandowski et al., 2009)

Result: Smooth transformation from RP(P~1)/2 to the space of
correlation matrices.

Xk € ]Rk71 — z, € BZXLI(R) — V. € kal(R)
xi2 o Xip C oz e oz VA Vip
— —
Xp—1p Zp—1p Vo—1p
0 . 0 0 .
N W, € Si(R)
1 Wp - W1p
. Wa,
Wp—lp
0 Wp
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MCMC Sampling

Using the Tree

Precision matrix: LKJ transformation (Lewandowski et al., 2009)

Result: Smooth transformation from RP(P~1)/2 to the space of
correlation matrices.

Xk € Rk71 — z, € BZXLI(R) — V. € kal(R)
xi2 o Xip C oz e oz VA Vip
— —
- Xp-1p Zp—1p Vo—1p
0 . 0 . 0 .
— W, € Si(R) — € =WT'W ¢ {correlation matrices}
1 Wi - Wi, 1 Cop - Gip
- W22 . . N C12 1
- Wpo1p . . Co-1p
0 Wp Gp - Gy 1
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MCMC Sampling
Using the Tree

Precision matrix: LKJ transformation (Lewandowski et al., 2009)

Result: Smooth transformation from RP(P~1)/2 to the space of
correlation matrices.

Jacobian: Can be computed.
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MCMC Sampling
Using the Tree

Precision matrix: LKJ transformation (Lewandowski et al., 2009)

Result: Smooth transformation from RP(P~1)/2 to the space of
correlation matrices.

Jacobian: Can be computed.

Associated distribution:

LKI(C | 1) = cp(n) €

Paul Bastide Viral Trait Evolution 18/28
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Precision matrix: LKJ transformation (Lewandowski et al., 2009)

Using the Tree

Result: Smooth transformation from RP(P~1)/2 to the space of
correlation matrices.

Jacobian: Can be computed.
Associated distribution:

LKI(C | 1) = cp(n) €

n=1 Uniform.
n > 1 Peak around identity matrix.
0 <n <1: Trough around identity matrix.
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Models of Trait Evolution A
Efficient Bayesian Inference MCMC Sampling
HIV Virulence Heritability Study

Precision matrix: LKJ transformation (Lewandowski et al., 2009)

Using the Tree

Result: Smooth transformation from RP(P~1)/2 to the space of
correlation matrices.

Jacobian: Can be computed.

Associated distribution:

LKI(C | 1) = cp(n) €

n=1 Uniform.
n > 1: Peak around identity matrix.
0 <n <1: Trough around identity matrix.

< Same as taking a “spherical beta” on each of the V.x:

SBeta(V.x|8) o (1 — [[V.k||?)?  with Bx=n+(p—k)/2

Paul Bastide Viral Trait Evolution 18/28



Assumptions: A = PAP~1

A €R Ak >0



Assumptions: A = PAP~1

A €R A >0 A< << Ap

|dentifiability: P.x € Sp(R)

Pkl =1 Po >0



Assumptions: A = PAP~1

M €R A >0 >\1<>\2<"-<)\p

|dentifiability: P.x € Sp(R)
IPill=1 Py >0

—: Decomposition is unique.



Assumptions: A = PAP~1

M €R A >0 >\1<>\2<"-<)\p

|dentifiability: P.x € Sp(R)
IPill=1 Py >0

—: Decomposition is unique.

Sampling:
P..: Same as W.,
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MCMC Sampling
Using the Tree

Attenuation matrix

Assumptions: A = PAP™1

A €ER A >0 )\1<)\2<"'<)\p

|dentifiability: P., € SH(R)
”PkH =1 Ppk >0

—: Decomposition is unique.

Sampling:
P..: Same as W,
A: Use log(\;) — log(Ai—1)

Paul Bastide Viral Trait Evolution 19/28



We can sample from the posterior p(P,\,C, o, u|Y)



We can sample from the posterior p(P,\,C, o, u|Y)

Transformations:
C: LKJ transformation
P: Unitary eigen-vectors
A, o: Positive (ordered) vectors



Models of Trait Evolution A
Efficient Bayesian Inference MCMC Sampling

HIV Virulence Heritability Study Ui i Tz

Summary
We can sample from the posterior p(P,A,C, o, u|Y)

Transformations:

C: LKJ transformation

P: Unitary eigen-vectors

A, o: Positive (ordered) vectors
Priors:

C: LKJ distribution

P: Spherical beta

N, o: half-normal

Paul Bastide Viral Trait Evolution 20/28
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HIV Virulence Heritability Study Vi e ize

Summary
We can sample from the posterior p(P,A,C, o, u|Y)

Transformations:

C: LKJ transformation

P: Unitary eigen-vectors

A, o: Positive (ordered) vectors
Priors:

C: LKJ distribution

P: Spherical beta

N, o: half-normal

< We have a running random walk MCMC.
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HIV Virulence Heritability Study Vi e ize

Summary
We can sample from the posterior p(P,A,C, o, u|Y)

Transformations:

C: LKJ transformation

P: Unitary eigen-vectors

A, o: Positive (ordered) vectors
Priors:

C: LKJ distribution

P: Spherical beta

N, o: half-normal

< We have a running random walk MCMC.

Question: Can we use the tree ?

Paul Bastide Viral Trait Evolution 20/28



BM, OU: Instance of a general Gaussian propagation model.
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General Model

Using the Tree

BM, OU: Instance of a general Gaussian propagation model.

v
z' v
Z : latent nodes
z v X = .
Y : tips
pad \&
X'~ N (1, T) root
X/ | xpa0) NN(q;XPa(i) +r, Z;) tips and nodes

Paul Bastide Viral Trait Evolution 21/28
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General Model

Using the Tree

BM, OU: Instance of a general Gaussian propagation model.

v
z' v
Z : latent nodes
z v X = .
Y : tips
pad \&
X'~ N (1, T) root
X/ | xpa0) NN(q;XPa(i) +r, Z;) tips and nodes

BM: q = IPv ri = Op, Z,‘ = E;R
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General Model

Using the Tree

BM, OU: Instance of a general Gaussian propagation model.

"
z' v
Z : latent nodes
zt v =
Y : tips
pad \&
X'~ N (1, T) root
X/ | xpa0) NN(q;XPa(i) +r, Z;) tips and nodes

BM: q = IPv ri = Op, Z,‘ = E;R
OU:qi=e™i r= (1, = e_M")B,», >, =S— e AligeATl

Paul Bastide Viral Trait Evolution
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General Model

Using the Tree

BM, OU: Instance of a general Gaussian propagation model.

v
zt v

{Z . latent nodes

zt v =
Y : tips
pad \&
X'~ N (1, T) root
X/ | xpa0) NN(q;XPa(i) +r, Zi) tips and nodes

BM: q = IPv ri= Op, Z,‘ = E;R
OU:qi=e i r=(»,—e?)s, ;=5 - e Alige ATl
Drift, shifts, Integrated OU...

Paul Bastide Viral Trait Evolution

21/28
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HIV Virulence Heritability Study sing the free

Efficient Computations

{Z : latent nodes
7 v X = )
Y : tips
7 s
X'~ N (p,T) root
X ) xP0) o N (q,—X"aU) +r, Z,—) tips and nodes

Likelihood: p(X|Y) in one post-order traversal of the tree.
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HIV Virulence Heritability Study sing the free

Efficient Computations

{Z : latent nodes
7 v X = )
Y : tips
7 s
X'~ N (p,T) root
X ) xP0) o N (q,—X"aU) +r, Z,—) tips and nodes

Likelihood: p(X|Y) in one post-order traversal of the tree.

— “Pruning”, "Gaussian elimination”, “Phylogenetic Kalman filter", ...

Difficulty: Numerical robustness.
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Models of Trait Evolution
Efficient Bayesian Inference
HIV Virulence Heritability Study

MCMC Sampling
Using the Tree

Efficient Computations: Gradient

v
z* v

{Z : latent nodes
7 v X = )
® Y : tips
7 s
X'~ N (p,T) root
X ) xP0) o N (q,—X"aU) +r, Z,—) tips and nodes

Branch-specific Gradient: a% llog p(Y)] = E [F(X/; ¢;) | Y]
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MCMC Sampling
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Efficient Computations: Gradient

v
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{Z : latent nodes
7 v X = )
® Y : tips
7 s
X'~ N (p,T) root
X ) xP0) o N (q,—X"aU) +r, Z,—) tips and nodes

Branch-specific Gradient: a% llog p(Y)] = E [F(X/; ¢;) | Y]
< One pre-order traversal.

Chain rule: Get the gradient w.r.t. any parameter.
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MCMC Sampling
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Efficient Computations: Gradient

v
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{Z : latent nodes
7 v X = )
® Y : tips
7 s
X'~ N (p,T) root
X ) xP0) o N (q,—X"aU) +r, Z,—) tips and nodes

Branch-specific Gradient: a% llog p(Y)] = E [F(X/; ¢;) | Y]
< One pre-order traversal.

Chain rule: Get the gradient w.r.t. any parameter. —
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Models of Trait Evolution Implementation and Dataset

Efficient Bayesian Inference Heritability
HIV Virulence Heritability Study Results
Implementation (Suchard et al., 2018)

e MCMC for tree estimation
® Comprehensive set of tools: What's new:

¢ IE/?ctgr rTCI'_d_El hood ® Flexible OU models

° argina IKelihoo

R & e Efficient sampling of variance

e Developed in Java since 2002. ® Efficient HMC (in progress)

® This is BEAST 1.10.

Don't ask about BEAST 2.
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Models of Trait Evolution Implementation and Dataset

Efficient Bayesian Inference Heritability
HIV Virulence Heritability Study Results
HIV virulence herita blllty (Alizon et al., 2010; Vrancken et al., 2015)

CD4: CD4+ T cells decline rate
VL: Set point viral load

Fraser et al. (2014)

Questions: Is virulence “heritable”? What model of trait evolution?
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z? Y8
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X'~ N (p,T) root
x/ ‘ xP20) ~ N (QiXpagy + i, X) tips and nodes



Models of Trait Evolution Implementation and Dataset

Efficient Bayesian Inference Heritability
HIV Virulence Heritability Study Results
Heritability
[
l ly
z* v
VE Y13
» W{v; Z : latent nodes
[Ygﬁ X =Y :latent tips
z YElYiﬁ Y, : observed traits
vy
z yie
vg[vgg
X'~ N (p,T) root
x| xP0) N (QiXpa(iy + iy Xi) latent tips and nodes
Y! ’ YPO A <Ypa(i),5> observations
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Models of Trait Evolution Implementation and Dataset

Efficient Bayesian Inference Heritability
HIV Virulence Heritability Study Results
Heritability
[
l ly
z* v
VE Y13
» w{v:‘ Z : latent nodes
vis X =Y :latent tips
z Yleiﬁ Y, : observed traits
vy
z yie
vg[vgg
X'~ N (p,T) root
x| xP0) N (QiXpa(iy + iy Xi) latent tips and nodes
Y! ’ YR o A (Ypa(i),5> observations

V(Yh) _  oit
V(Yok) 02T+ sk

“Heritability:  h2 =
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Models of Trait Evolution Implementation and Dataset
Efficient Bayesian Inference Heritability
HIV Virulence Heritability Study Results

Models (Alizon et al., 2010)

We use three different models:
BM no selection on the traits.
OU-BM selection on VL, not on CD4.

OU selection on both traits.

e Each model is fitted using a MCMC.

e Estimated Marginal likelihood is used to compare them.
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-1002

—1003
F7 —o— df

MLE

—o—- GSS
—1004 -

BM ou_BM ou
method

Heritability (using OU-BM):
VL h? = 17% [0.007,82.5]% (95% ClI)
CD4 h? = 0.02% [0.0024,0.16]%

“Consistent” with previous estimates.
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Conclusion and Perspectives

A general framework for trait evolution with dated tips.

Main Features:

e Flexible models

e Flexible implementation

o Efficient algorithms

e Applicable to virology
Perspectives:

e Develop HMC

e Apply to larger datasets

e Other questions: geographical spread, comparative studies, ...
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HIV Virulence Heritability Study

MCMC Sampling
Using the Tree

Hamiltonian Monte Carlo (Betancourt, 2017)

Idea: Introduce the “momentum” p of the parameters q.

Hamiltonian H(q, p) = Potential energy + Kinetic energy
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MCMC Sampling
Using the Tree

Hamiltonian Monte Carlo (Betancourt, 2017)

Idea: Introduce the “momentum” p of the parameters q.

Hamiltonian H(q, p) = Potential energy + Kinetic energy

= U(a) + K(p)
= —log p(Yl|a)p(q) —log ¢(p)
posterior G:Js;.i:n
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Models of Trait Evolution MCMC Sampling
Efficient Bayesian Inference e clleII::
HIV Virulence Heritability Study

Hamiltonian Monte Carlo (Betancourt, 2017)

Using the Tree

Idea: Introduce the “momentum” p of the parameters q.

Hamiltonian H(q, p) = Potential energy + Kinetic energy

= U(a) + K(p)
= —log p(Yl|a)p(q) —log ¢(p)
——— ~—~—~
posterior Gaussian
d
- . g = Val@
H total energy invariant by Hamiltonian dynamic:
dq _
o = VeK(P)
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Efficient Bayesian Inference Using the Tr
HIV Virulence Heritability Study sing the free

Hamiltonian Monte Carlo (Betancourt, 2017)

Idea: Introduce the “momentum” p of the parameters q.

Hamiltonian H(q, p) = Potential energy + Kinetic energy

= U(a) + K(p)
= —log p(Yl|a)p(q) —log ¢(p)
——— ~—~—~
posterior Gaussian
d
. . g V@
H total energy invariant by Hamiltonian dynamic:
99 _ _9,k(p)
dt
—IEY ® Draw random moments p.
N ¥" ® Propose a new q from the dynamic.
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