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Introduction

T T T T 1 Homopus Areolatus
20 150 100 50 0

Chelonian phylogenetic tree with habitats.
(Jaffe et al., 2011).

@ A phylogenetic tree for a set of species

@ One or several traits measured for each species
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ou Modeling (Hansen, 1997)

Principle of the Modeling
Shifts

phenotype

dW(t) = o[p(t)— W(t)]dt+odB(t)

0 200 400 600 800

time
Deterministic part :
e ((t) : primary optimum, mechanistically defined.
@ In(2)/c : phylogenetic half live.
Stochastic part :
e W(t) : actual optimum (trait value).

e 0dB(t) Brownian fluctuations.
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Chelonia Data Set Shifts
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BM vs OU

Equation Stationary State Variance
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Underlying Assumptions

Fixed Tree Model assumes the trait(s) evolve independently
from the tree

+ No interaction between speciation rate and trait

Functionnal Trait OU: stabilizing selection
+— Trait must be linked to the fitness of its bearer
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If the tree is ultrametric and the root is fixed, then:

OU <= BM on a re-scaled tree with t’ = e=2%(e29t — 1)



Simple process on a fixed tree, no shifts, « fixed.

BM <~ OU



Simple process on a fixed tree, no shifts, « fixed.

BM : 2 parameters ~— OU

2

@ - variance

@ 1 ancestral state



Simple process on a fixed tree, no shifts, « fixed.

BM : 2 parameters <= OU : 3 parameters
@ 02 variance @ o2 variance
@ 4 ancestral state @ 4 ancestral state

@ [y optimal value



Simple process on a fixed tree, no shifts, « fixed.

BM : 2 parameters <= OU : 3 parameters
@ 02 variance @ o2 variance
@ 4 ancestral state @ 4 ancestral state

A = pe=oh 4 fo(1 — eh)
@ [y optimal value
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OUfun: Non-identifiability of x and (g

Only A\ = pe=®" + Bo(1 — e=2h) is identifiable

Q__
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— -  @———————
e———— : —
= e —
— ‘ I —
o = e —
® == ‘ P =
I e E—
@ — L —~,
L
g L &———————————
Unit — v Unit —
1 Trait Value 10 1 Trait Value 10
OUfun, with: Same OUfun, with:

A=Fo=p=1and In(2)/a =05 A=1 fo=-2, =10
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o K fixed, several equivalent solutions.

02— 4 02

pA01 p+02

Problem of over-parametrization: parsimonious configurations.
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Equivalencies

o K fixed, several equivalent solutions.

m i o+ 01 I

01
(52 — (51 (51 52 52 (51

u+o1 p+d . w61 p+o

@ Problem of over-parametrization: parsimonious configurations.
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Process Induced Tip Coloring

Definition (Tips Coloring)

Two tips have the same color if they have the same mean under
the process studied.

BM my = TABM
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Parsimonious Solution : Definition

Definition (Parsimonious Allocation)

A coloring of the tips being given, a parsimonious allocation of the
shifts is such that it has a minimum number of shifts.
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Parsimonious Solution : Definition

Definition (Parsimonious Allocation)

A coloring of the tips being given, a parsimonious allocation of the
shifts is such that it has a minimum number of shifts.

pe!
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Definition (Parsimonious Allocation)
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Parsimonious Solution : Definition

Definition (Parsimonious Allocation)

A coloring of the tips being given, a parsimonious allocation of the
shifts is such that it has a minimum number of shifts.
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Equivalent Parsimonious Allocations

Definition (Equivalency)

Two allocations are said to be equivalent (noted ~) if they are
both parsimonious and give the same colors at the tips.

Find one solution Several existing Dynamic Programming
algorithms (Fitch, Sankoff, see Felsenstein, 2004).

Enumerate all solutions New recursive algorithm, adapted from
previous ones (and implemented in R).
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Equivalent Parsimonious Solutions for an OU Model.

Equivalent allocations and values of the shifts.
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EM Algorithm: K fixed

Z [ n
Ys
4] l y.
3
Z, B,
Ya
Zs ve

EM Algorithm Recursive “Expectation - Maximization” for
Likelihood Maximization

E step Given current parameters, compute
estimates of ancestral states Z

M step Given these estimates, re-compute
parameters
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Model Selection on K

Yk = EM(K)

CA, PB, MM, SR
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Penalized LL
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Penalized LL

Idea K = LL(\A’K) — pen’(K)
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BIC (K + 3)log(n)
LINselect pen(n, K, NZ)



Stochastic Processes on Trees
Identifiability Problems and Counting Issues
Statistical Inference

Chelonia Data Set

Multivariate Model

Model Selection: How to choose the Penalty ?

pen(n, K, Nt
NZ;: Number of different models with K shifts
> Two equivalent models count for only one !

Under the no-homoplasy hypothesis:

o Ng < (") = (Lorani)

@ A recursive algorithm can compute N,7<— (implemented in R).
+ Generally dependent on the topology of the tree.

. . T _ (2n—2—K\ __ (# of edges—# of shifts
o Binary tree: Ny = ( K ) = ( 4 of shifts )

CA, PB, MM, SR Shifted stochastic processes on trees 22/43
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Model Selection: Proposed Penalty (LINselect)

pen(n, K, N%)

Based on Baraud, Giraud, and Huet (2009)
@ Non-asymptotic bound.
@ Unknown variance.
@ No constant to be calibrated.

Guarantee "Oracle Inequality”

Novelties @ Non iid variance.
@ Penalty depends on the tree topology
(through NJ).

CA, PB, MM, SR Shifted stochastic processes on trees
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Data

® Freshwater
® Island
.
.

Mainland
Saltwater

T T T T 1
200 150 100 50 0

Colors: habitats.
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Fixed Regimes

(Jaffe et al., 2011)

Freshwater
Island
Mainland
Saltwater

LTy

200

150

I I
100 50

Colors: habitats.

CA, PB, MM, SR

Habitat
No. of shifts 16
No. of regimes 4
InL  -133.86
In2/a (%) 7.44
v 033
CPU time (min)  65.25

Shifted stochastic processes on trees
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## Inference
res <- PhyloEM(phylo = tree,

## Grid on alpha
alpha_grid <- 1:10/100

Y_data = data,
process = "0OU",
K_max = 20,
alpha_known = TRUE,
alpha = alpha_grid,
random.root = TRUE,

methods.segmentation

= "lasso")



Automatic Detection of Shifts
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Freshwater
Island
Mainland
Saltwater

200

150

100 50 0

Colors: habitats.
Boxes: selected EM regimes.
CA, PB, MM, SR

Habitat EM
No. of shifts 16 5
No. of regimes 4 6
InL  -133.86 -97.59
In2/a (%) 7.44 5.43
2 033 0.22
CPU time (min)  65.25 134.49
Shifted stochastic processes on trees 28/43
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Automatic Detection of Shifts

® Freshwater
® Island

® Mainland
® Saltwater

Chelonia mydas

200 150 100 50 0

Colors: habitats.
Boxes: selected EM regimes.
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Automatic Detection of Shifts

® Freshwater
® Island

® Mainland
® Saltwater

Geochelone nigra abingdoni

200 150 100 50 0

Colors: habitats.
Boxes: selected EM regimes.
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Automatic Detection of Shifts

® Freshwater
® Island

® Mainland
® Saltwater

Chitra indica

200 150 100 50 0

Colors: habitats.
Boxes: selected EM regimes.
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Comparison with BM

« Freshvaier pa—
b > lan
* Wainand 2 Wainana
* Saltwater * Saltwater
[ ] [ ]
L L
OU: 5 shifts selected BM: 8 shifts selected
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Comparison with Bayou

o Freshwater
o Island

© Mainland

o Saltwater

L ‘

Colors: habitats.
Boxes: selected EM regimes.

CA, PB, MM, SR

Colors: habitats.
Circles: posterior probability of shift.

Shifted stochastic processes on trees
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Comparison with SURFACE

o Freshwater
o Island
© Mainland
o Saltwater
@
[e
[ ]
————
{ =

Colors: habitats.
Boxes: selected EM regimes.
CA, PB, MM, SR

L e —

Colors at tips: habitats.
Colors of edges: Surface Regimes
Shifted stochastic processes on trees 32/43
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Summary

EM Habitat bayou Surface
No. of shifts 5 16 17 33
No. of regimes 6 4 18 13
InL -97.59 -133.86 -91.54  30.38
MInL NaN NaN -149.09 NaN
In2/a (%) 5.43 7.44 1.90 40.28
v? 022 033 0.16 0.21
CPU time (min) 134.49 65.25 136.81 634.16

CA, PB, MM, SR

Shifted stochastic processes on trees
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Models
Statistical Inference

BM Model

Yi1
Data n vectors of p traits at the tips: Y; = :
Yip
Model dW(t) = XdB;
Rii -~ Ri
Rate matrix R=XX7 = _ o
Roi -+ Rpp

Covariances Cov [Yi; Yjq] = tjjRiq for i, j tips, and /, g characters

Shifts K shifts d1,--- ,dk vectors size p
+ All the characters shift at the same time

CA, PB, MM, SR Shifted stochastic processes on trees
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OU Model: General Case

Models
Statistical Inference

Yit
Data n vectors of p traits at the tips: Y; = :
Yip
SDE A (p x p) “selection strength”
dW(t) = —A(W(t) — B(t))dt + £dB;

Covariances Depends on R = XX and A in general.
Shifts K shifts d1,--- ,dk vectors size p
+ On the optimal values

Intractable

CA, PB, MM, SR Shifted stochastic processes on trees 36/43



Hyp A=al, = | ] is “scalar”

0 -+ 0 «
Correlations Depends on R and «a:

1
Cov [Yi; Yiq] = e (ezat,-,- _ 1) e—a(q+tj)qu

Shifts K shifts d1,--- , 0k vectors size p
~ On the optimal values

Equivalent to a re-scaled BM



EM Maximum Likelihood solution when K is fixed

~ Can deal with missing data.

Model Selection Use the “Slope Heuristic” on the likelihood



Stochastic Processes on Trees
Identifiability Problems and Counting Issues Models
Statistical Inference
Chelonia Data Set
Multivariate Model

Simulated Example

Statistical Inference

Unit -
-0.5 Trait Value 6.52 -2.57 Trait Value 5.19 11.57 Trait Value 5.29
——
Tanninn & onainzn & Tanainzn &

Figure: Simulated BM Process with 3 shifts.
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res <- PhyloEM(phylo = tree,
Y_data = Y_data,
process = "BM",
K_max = 10,
random.root = FALSE,
progress.bar = FALSE)

05 02 0.2 . 0.45 0.17 0.15
R=102 05 0.2 R= 1017 043 0.22
0.2 02 05 0.15 0.22 0.48



Contrast representation Successive slope values

o
8
S
o 4
2
Ea
« o
@
o &
T T T T T T I T T T T
11 11 10 9 8 8 7 6 5 5 4 3 2
Number of points (penzhape(m).~Ya(3m)) for the regression
Z gl
F °
7
Selected models with respect to the successive slope values
8
0
z
B 2
o =
2]
o
0
° —— The regression line is computed with 6 points
2 L fins s 8 7 6 5 5 4 3 2
PeNgnape(m) (labels : Model names) Number of points (penshape(m).~ya(3a) for the regression

Figure: capushe output for penalized log-likelihood.
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Statistical Inference

-033  TraitValue 652 -257  Traitvalue 519 1157 Trait Value 529
-———
lennth=n & lennth=n & lennth=n &

Figure: Reconstructed BM Process. Only 2 shifts are recovered.

CA, PB, MM, SR Shifted stochastic processes on trees
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Statistical Inference

Conclusion and Perspectives

A general inference framework for trait evolution models.

Conclusions @ Some problems of identifiability arise.
@ Univariate Case: EM & Model selection for
Maximum Likelihood
@ Multivariate: BM, OU scalar

R codes Available on GitHub:
https://github.com/pbastide/Phylogenetic-EM

Perspectives @ Multivariate: reasonable assumptions on
selection strength matrix A?
o Deal with uncertainty (tree, data).
@ Use fossil records.

CA, PB, MM, SR Shifted stochastic processes on trees 43/43
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Z——N
[

Y2

Zj| I
ZZ 5k Y3
o I
3 Y5

Xi| Xpa() ~ N (qupao') +r+ 5 Y Hri=bj}ox, 07 )
k

log po(Y') = Eg[log po(Z,Y) | Y] — Eo[log po(Z) | Y]

EM Algorithm Maximize Eg[log pg(Z, Y) | Y]
E step Given 6", compute pyn(Z | Y)
M step 61 = argmaxy Egs[log p(Z, Y) | Y]



Xi ~ N(p,7?) /&»
Vi>1, Xl Xoag) ~ N (6 Xea) + 1 +5 2, {7k = bj}ox, 07)

PO(X):P()(ZI) H p(J(Zj‘Zpa(j)) H P()(Yf\zpa(i’))

1<j<m 1<i<n



Xi ~ N(p,7?) /&»
Vi>1, Xl Xoag) ~ N (6 Xea) + 1 +5 2, {7k = bj}ox, 07)

po(X) = po(Z1) H po(Zi| Zpa(jy) H Po(Yi|Zpa(iry)
1

1<j<m <i<n



Xi ~ N(p,7?)
Vi>1, X Xoagy ~ N (qiXpa) + 1 +5 > {7k = bj}ok, 07)

po(X)=po(22) [[ Po(Z1Zoai)

1<j<m 1<i<n



Xi ~ N(p,7?)
Vi>1, Xl Xoag) ~ N (6 Xea) + 1 +5 2, {7k = bj}ox, 07)

po(X) =po(Z1) ] Po(Zi1Zeaii)) [] Po(YilZoair)

1<j<m 1<i<n



Xi~ N(ﬂ'a '72)
Vi>1, Xl Xoag) ~ N (6 Xea) + 1 +5 2, {7k = bj}ox, 07)

po(X) = pa(Z) 1 Pe(Zi1Zoay) ] Po(YilZeaiiy)

1<j<m 1<i<n
m+n
E[logpa(X) | Y1= =" Gla, 7.0) + F (H,Var[Zj | Y],.Cov [Z; Zg | Y]j)
j=2

2
Cj(O{,’T,(s) :O'J,_2 (]E[)(I | Y] _qj [ pa(j) | Y SJZH{Tk = b}6k>



Compute the following quantities:

EM(Z; | Y],Var [Z; | Y], Cov'" [Z;, Z,ug) | Y]

@ Using Gaussian properties. Need to invert matrices: complexity in O(n®).

@ Using Gaussian properties and the tree structure: "Upward-Downward”
algorithm. Complexity in O(n).



Maximize:

m+n

Ellogpo(X) | Y] ==Y Glo,7,0) + F" (1,4% 0% )
j=2

o 4,72, 02 simple maximization
o 7,0: discrete location of K shifts

o Exact and fast for the BM
o Heuristic for the OU: GEM

@ «: numerical maximization
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Upward-Downward Algorithm
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References
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Initialization

The shifts (7,0) : Lasso regression.

A = argmin {HY ~RAJZ + A \A_lyl}
A

o Initialize Z%,Y with some default parameters, then estimate A
with a Gauss Lasso procedure, using a Cholesky
decomposition.

@ A chosen to get K shifts.

The selection strength « : Initialization using couples of tips.
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Cholesky Decomposition

The problem is:

~

. 2
A = argmin {||y ~RAJZ,+ ) \A_1|1}

Cholesky decomposition of Xyy:
Yyy = LLT , L a lower triangular matrix

Then:
1Y —RA|Z =LY — L7'RAf

And if Y/ = L71Y and R’ = L7!R, the problem becomes:

~

B . ' A2
A—argAmm{HY R+ 2184, |

CA, PB, MM, SR Shifted stochastic processes on trees 8/40



Let /My be the set of selected variables (including the root). Then:

AGaUSS = nﬁA(Y,) with i:-)\ = Span{le J€ ﬁ'l)\}



2
Gla,7,8) =0, ° (E[xj | Y1 = GE [Xoagy | Y] =1 = 5> Tk = bj}6k>
k

BM : r; — 0, each cost is independent.

G(a) =0;" <3[Xj [ Y] =G [Xeagy | V] > &A
2
le(”~ ) = o : <:[)<J | Y] - gE {Xpa(j) ‘ Y} -5 > /&»
Algorithm:
Find the K branches ji, ..., Jk with largest C?;
Allocate one change point in the first K branches;
(h+1)

For each of these branches, set §; " so that le(T. 9)=0




2
Gla,7,8) =0, ° (E[xj | Y1 = GE [Xoagy | Y] =1 = 5> Tk = bj}6k>
k

BM : r; — 0, each cost is independent.

2
() =052 (E[Xj | Y] = GE [Xu) | Y] ) &A
le((}. )UJ'Q(E[XJ Y]*QJE[XDG(J') ‘ Y} = > ,&%\

Algorithm:
Find the K branches ji, ..., Jk with largest C?;

Allocate one change point in the first K branches;

For each of these branches, set 6}&“1) so that le('r. J)=0




2
Gla,7,8) =0, ° (E[xj | Y1 = GE [Xoagy | Y] =1 = 5> Tk = bj}6k>
k

BM : r; — 0, each cost is independent.

o) =0} (E[x,- | Y11= G [Xeuty | Y] ) /A
G arm0) = 0} 2 (E 11 Y1 = G [Xa | Y] = 53 1{m = bj}6k> &X

Algorithm:
Find the K branches ji, ..., Jjk with largest CJ-O;

Allocate one change point in the first K branches;

For each of these branches, set ()‘j&hﬂ) so that le(r. 5)=0




EM Algorithm
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Segmentation Algorithms

Upward-Downward Algorithm
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M Step: Segmentation

Cj(aﬂ—v 5) = Uj72 <]E[)<J | Y] - gE [ pa(j) | Y - SJZH{Tk =b; }5;()

BM : , each cost is independent.

Gla)=0;" <IE[X,- Y] =GB [Xeap) | Y] ) /&%\
le(avT'/ 6) = Uj_2 (E[XJ [ Y] - qE [Xpa(j) ‘ Y} - sz W = bj}5k> /&)\

Algorithm:
@ Find the K branches ji, ..., jk with largest C?;
@ Allocate one change point in the first K branches;
@ For each of these branches, set 5}:“) so that le(T, 0)=0

CA, PB, MM, SR Shifted stochastic processes on trees 10/40



EM Algorithm
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Segmentation Algorithms
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M Step: Segmentation

Gla,7.0) =0 > (E[X; | Y] = GE [Xoagy | Y] —s,ZH{Tk = b;}ox

J

ou : , a cost depends on all its parents.

Exact minimization: too costly.
Need of an heuristic.

Idea: rewrite as a least square:
|D — AUA|

with D a vector of size n+ m, A a diagonal matrix of size n+ m, A the
vector of shifts and U the incidence matrix of the tree.

@ Then use Stepwise selection or LASSO.

CA, PB, MM, SR Shifted stochastic processes on trees 11/40
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Goal and Notations

Data A process on a tree with the following structure:

%> 1 XXy ~ N (mi(Xa() = 6Xa() + 152 95)

9 = g =
; —al —a(l— In
o) = S r = b} ou.d =00 =T ) S = ok (1 e )
: - : P
2 2 2 .
oj = Lio o2 — U—(l _ e—2alj)
J 2

Goal Compute the following quantities, at every node j:
Va7 | Y],Cov" [Z, Zoagy | Y], EP[Z; | V]

CA, PB, MM, SR Shifted stochastic processes on trees 12/40



EM Algorithm

Lasso Initialization and Cholesky decomposition
Segmentation Algorithms

Upward-Downward Algorithm

Model Selection

References
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Simulations Results

Upward

Goal Compute for a vector of tips, given their common ancestor:
ijlxj (YJ; a) = Aj(YJ)q)Mj(YJ'),SJ-Z(Yj)(a)

Initialization For tips: fy.|y, (Yi;a) = @y, o(a)
Propagation

ij|Xj (Yj?a) H Yir| X ? a)
X;
Freipx, (Yi12) = / i, (V5B 1 (b 2)
Root Node and Likelihood At the root:
le‘Y (a; Y) X fY‘Xl (Y, a)fxl(a) le Xj/ Xj
Var[ X1 | Y] = <i + ! >_1 \Z \Z YL
7 SH(Y)
po o Mi(Y)
B Y] =var (x| ¥] (£ + oy

CA, PB, MM, SR Shifted stochastic processes on trees 13/40



Compute £ =E [X; | Y] , VZ=Var[X; | Y], G ;= Cov[Xj Xpa() | Y]
Initialization Last step of Upward.
Propagation X
P g1y (3 BY) = P iy (30 5, v (B, Y)

fXj|xan),Y (b;a,Y) = ij|xpa(j),vj (b; a,Y/)

i fXj|Xpau) (b: a)fYJ|xj (Y/; b) A f} fﬁ

Y/1 Y/ YL



Upward

L q? -1
SH(Y) = ( - )
0=\ i) o2

iy — S2(yi ¢ ) M;, (Y1) — 1
M;(Y) =S; (YJ);%I sj%(le) +Uﬁ
Downward 52 (Yf)

Cﬁpa(i) =49 5,2(¢j) g pza(j)
j fi
E S7(Y)(91Epay) + 1) + a7 M;(Y7)
S0 +o7
2 j 2 j
j J j J
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Assumption « fixed : design and structure of covariance fixed.

Y =TW(a)A+~vE =s+~E E ~N(0,V(a))

p—1
Models S = {S,, =Span(T;,i€n), ne M= U 5}’?/}
K=0

dim(S$,) = In| = K, +1

Oracle  inf, Is — s}, where s, = Proj¢ (s) = aggém”in Is — a3,
Estimators §, = Proj{ (Y), 3k = argmin |Y — §,/H2V
: neS,|n|=K+1



Assumption « fixed : design and structure of covariance fixed.

Y = TW(a)A+vE =s+~E E ~N(0,V(a))

K=0

p—1
Models S = {5,, =Span(T;,i€n), ne M= U Sﬁ'}

dim(Sy) = Inl = Ky +1

inf o 2 h —PpP v - 1 . B
inf s = sully where s, = Proif, (s) = argmin s — all
A -V B i 52
£y = Prif (V) 5= argmin [V~

nES,[n|=K+1



Assumption « fixed : design and structure of covariance fixed.

Y = TW(a)A+vE =s+~E E ~N(0,V(a))

K=0

p—1
Models & = {5,, =Span(T;,i€n), ne M= U Sﬁ'}
dim(S,) = Inl = Ky + 1
Oracle inf ||s — s, |3 = Proj{ (s) = argmin ||s — a||}
racle nlenM s — syll\, where s, = Projg (s) azgem"m IIs — all},

5, = Projg (Y), 8 = argmin |Y — §,/H%/
/ neS,|n|=K+1
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Model Selection on K

Assumption « fixed : design and structure of covariance fixed.

Y = TW(Q)A+7E =s+~E E ~N(0, V(a))

p—1
Models & =<5, =Span(T;,i€n), ne M= U SP!
K=0

dim(S,) = In| = K, +1

Oracle inf ||s —s,|°>, where s, = ProjY (s) = argmin ||s — a2
Jnf s =5 where s, = Pro, () = argmin|s — al,
Estimators &, = Proj¢ (Y), 8k = argmin |Y — §n\|%/
! nES, In|=K+1
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EM Algorithm

Lasso Initialization and Cholesky decomposition
Segmentation Algorithms

Upward-Downward Algorithm

Model Selection

Definition (Baraud et al. (2009))

Let D, N >0, and Xp ~ x2(D), Xn ~ x3(N), Xp L Xu.

. 1 Xn
thI[D, N,X] = mE |:<XD —Xw>+:| y Vx >0

Dkhi[D, N, EDkhi[D, N, q]] = g,

V0<g<l1

CA, PB, MM, SR

Shifted stochastic processes on trees
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Proposition

Proposition (Form of the Penalty and guarantees (« known))

Under our setting: Y = RA + vE with E ~ N(0, V), define the penalty:

n—K-1

pen(K) = A EDKhi[K +2,n — K — 2, e ¥]
n—K-—2

with Ly = log |SE'| + 2log(K +2)

If k < 1, and p < min (m,n—o, we get:

§ {ns—@,%ni
72

< C(A,x) inf {HS_S"H%/—F(K +2)(3+ 1o (n))}
- T nem 2 K &

with C(A, k) a constant depending on A and k only.

Based on Baraud et al. (2009)

CA, PB, MM, SR Shifted stochastic processes on trees 18/40
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Model Selection with Unknown Variance

Theorem (Baraud et al. (2009))

Under the following setting:
with

Y’:s/—l-'yEl

E' ~N(0,1;) and S'={S],ne M}

If Dy = dim(S;l), Ny = n— Dy > 7, max(Ly, Dy) < kn, with k < 1, and:

Q' =) (Dy+1)e™tn < +o0

nem
. . . pen(n)
Iff f=argmin||Y' —35 2 (1 + )
ramin v = 5| (1 25
N
with:  pen(n) = peny £(n) = A - il I EDkhi[D,, + 1, N, — 1,e~ 7] A>1
b=
| = o (12 =50 :
Then: E 5 < C(A, k) ng/f\/l a7 + max(Ly, Dy) p +

CA, PB, MM, SR

Shifted stochastic processes on trees
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Assume K, =D, —-1<p—-1<n-8, VneM

Then:
Q=Y (Dy+1)e = (Ky+2)etn
nem nem
3 (et e e ~(log|SE! | +2108(K+2))
- ‘SK‘(K+2)e K:Z‘SK‘(K+2)e K
K=0 K=0
p—1 1
= < log(p) < log(n)
= K+2
And:
1
Lk < log ("+ m )+2|og(K+2) < Klog(n+m—1)+2(K+1) < p(2+log(2n—2))

Hence, if p < min (W;}Hog(n)’ n— 7), then max(Ly, Dy) < kn for any n € M.



Cholesky decomposition: V =LLT Y' =L7'yY §=1L"'s E =L"'E

Y' =5 ++E', with: E' ~ N(0, )

- . . . 2 1a
S =L 's,, 5, = Projs, Y/ = argmin || Y — La/HV =113,
mn a’es’
n

s =sall} = [l =& [*. 1Y =805 =|Y' -5
Crtuctn) = ¥/ 5,7 (1+ ALY iy s, (14 Pacl?)
N, Ny
N ENEENEEEN shicd stochastic rocesss ontrees 2180



S (0,0,9)(0,%,)
T 490 g0

Initialization For tips

/\",L*argmm1 ,(p) + I{p # k}}
1<p<K

L
Si(k)=>_Si(p) +Hpr # Kk}, V(p1,...pL) € Kfp x ... x Kf ~—
I=1

L

L
Ti(k) = > I 7ie) = H Z i (pr)
el

(p1,---pL)EKEX ... x KL I=1

Sum on the root vector



Initialization For tips

Propagation
pag (Si(1), -+, Si(K))
, _ (Ti1), -+, Ti(K))
Kj = argmin {S; (p) + {p # k}}
1<p<K
L
Si(k)=>_Si(p) + {p # k} , ¥(p1,...pL) € Kf x ... x Kf
=1 (S (i . (Si, ()i
L L (Tiy (k) (T, ()

(P1s---PL)EKEX ... x KL =1 I=1pekt,

Sum on the root vector
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Cardinal of Equivalence Classes

S (0,0,%)(0,,)
o . T (1,0,0) (100)
Initialization For tips Coe' Coe

Propagation K, = {1}
. K, = {1}
Kl = argmin {S; +1 k 2
k= argmin {5 (p) + {p # k}} K = {1}
L
Sik)=S"5s; I kY, Y(p1,... Kix...x Kk
(k) ; i(p) +Hpr # kY V(pry oo pr) € Ko X K o T = 1x1
. . ©5(2) =0+1;T(2)=1x1
rw= Y ITe =1 X Ty SE=0+1iTeI=1x1
(P1---pL)ERE X ... x Kk =1 I=1 pexc,
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Cardinal of Equivalence Classes

S (0,,2)(0,%,)(e,0,)(2,%,0)(e,%,0)
T (Cl)gg) %90) (0,1,0)(0,0,1) (001)

Initialization For tips ole) 06. oo'e
Propagation
Kk = argmin {S; (p) + I{p # k}}
1Epsre S(L10)
L iy
Si(k) = Sy(p) +1{p1 # K}, Y(pr,-.-pL) €K x .. x Ki o .
- 711
L L cee
Ti(k) = > [I7en=11 3 Tile)
(p1,---pL)EKE X ... x KE =1 1=1 pec 2))

S,
T
ocee

Termination Sum on the root vector |

S(222)
TILL3)
coe

CA, PB, MM, SR Shifted stochastic processes on trees 22/40



Surjection :

¢: Sk — Ck1

Sk = {Parsimonious allocations of K shifts}

Ck+1 = {Tree compatible clustering of tips in K + 1 groups}
Vsi,s1 € SE 51~ S — (')(51) o (')(52)

SPl =8P/~ gives SF'—Ckit

Sk’ = {Parsimonious identifiable allocations of K shifts}

S A PEWMSRT  Shifted stochastic processes on trees  23/40



Surjection :

¢: Sk — Ck1

Sk = {Parsimonious allocations of K shifts}

Ck+1 = {Tree compatible clustering of tips in K + 1 groups}

Equivalence Relation :
Vsl,sl € 5,’?,51 ~ S < gb(sl) = (15(52)

Sl =8k~ gives SE —Cki1

SK' = {Parsimonious identifiable allocations of K shifts}

S A PEWMSRTT  Shifted stochastic processes on trees  23/40



Cardinal of Equivalence Classes
Quotient Set of Identifiable Models
Number of Tree Compatible Clustering
Linear Model

Surjection :

¢: Sk — Ckia

Sk = {Parsimonious allocations of K shifts}

Ck+1 = {Tree compatible clustering of tips in K + 1 groups}

Equivalence Relation :
V51,$1 € S;?,Sl ~ S — gb(sl) = d)(Sz)

Quotient Set :
S =SE/~ gives SE' —Cki1

SK' = {Parsimonious identifiable allocations of K shifts}



Assumption “No Homoplasy™ 1 shift = 1 new color

“K shifts «—= K + 1 clusters”
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Linking Shifts and Clustering

Assumption “No Homoplasy™: 1 shift = 1 new color

The No Homoplasy hypothesis is not

~ respected.
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Linking Shifts and Clustering

Assumption “No Homoplasy™: 1 shift = 1 new color

The No Homoplasy hypothesis is not
~ respected.

Proposition "K shifts < K + 1 clusters”

CA, PB, MM, SR Shifted stochastic processes on trees 24/40
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@ 7 a rooted tree with n tips

Qo N,(<T) = |Ck| the number of possible partitions of the tips in K clusters

o AEZ—) the number of possible marked partitions

[]
L
[]

Hl i
i)

[]

Partitions in two groups for a binary
tree with 3 tips

CA, PB, MM, SR

Difference between N§T3) and Agﬁ):

° Ngﬁ) = 3: partitions 1 and 2
are equivalent

° Agﬁ) = 4: one marked color
(“white = ancestral state”)

Shifted stochastic processes on trees

25/40
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General Formula (Binary Case)

If 7 is a binary tree, consider T, and 7; the left and right sub-trees of 7. Then:

N = ZN )+ZAA

ki+ko=K ki+ko=K+1
AD = N ATINT + NTOAT + 3T ATOAT
kit+ko=K ki+kp=K+1

We get:

T n 2n—-2—-K T n 2n—1-K
M =it = () e A== (M

CA, PB, MM, SR Shifted stochastic processes on trees 26/40
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Recursion Formula (General Case)

If we are at a node defining a tree 7 that has p daughters, with sub-trees 71,...,7p,
then we get the following recursion formulas:

(T) _ (77)
Nic > H’V + X > [TA I w,
ket kp=K ICILp]l kit thkp=K+[I]—1 i€l il
ki, okp>1 [1>2 kiyookp>1

A=y Y

ICL,p]  ky+--+hkp=K+|I|—1
[1>1 Ky skp>1

A7 [

icl il

No general formula. The result depends on the topology of the tree.

CA, PB, MM, SR

Shifted stochastic processes on trees
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Z

01

Y1
Y2
T=Y3
Ya
Ys

=

HEREROO

== O O

2y Zr I3 Z4

[ay

[eNeNeN S

Y1 Y2 Y3 Y3 Y5

[eNeoNeNeoN S

0

1
0
0
0

=Nl eoNa]

0

o= OO

HOOOoOOo

01

0 w62
0 Iz

&2 TA = | p+61+03
0 ©+ o1
43 n+ 1
0

0

BM: Y = TABM gBM



02
2y, 5
Y, 0 A+ wsda
Z 0 A
2, Vs A=l TW()A=|A+wb+ws
61 Ya 0 A+ wod
73 Ys 33 A+ woéy
0
0

Wie)=Diagll - " BUlsismin L BM B

A= ’uefah +,30(1 _ efah)
oU: Y =TW(a)AOY+EY
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OUfun model and equivalence with BM

Root Fixed on an Ultrametric tree, shifts at Nodes.

Expectations
E[Y | X; =p] =T W(a)A%Y
——
ABM

BM _ )\OU _ Mefoeh +B0(1 _ efoch)

Rq: p
Variance

1
CO\/[\/i; \/J | X1 = /,L] = 0-2 X Ze—zah(e&xt,-j—l)

!
£

OUfun <= BM on a re-scaled tree with t' = e~2(e22t — 1)

CA, PB, MM, SR Shifted stochastic processes on trees 30/40
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Coloring and Process

Definition (Tips Coloring)

Two tips have the same color if they have the same mean under the
process studied.

@
Unit —
BM  my = TABM OU my =T W(a)A®
ABM

CA, PB, MM, SR Shifted stochastic processes on trees 31/40
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Equivalent Parsimonious Solutions for a BM Model.

L
S

3.1 3.1

|

Equivalent allocations and values of the shifts - BM.

CA, PB, MM, SR Shifted stochastic processes on trees 32/40
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Simulations Design (Uyeda and Harmon, 2014)

@ Topology of the tree fixed (unit height, A = 0.1, with 64, 128, 256 taxa).
@ Initial optimal value fixed: 5o =0

@ One "base” scenario ap = 3, 72 = 0.5, K, = 5.

@ « € log(2)/{0.01, 0.05, 0.1, 0.2, 0.23, 0.3, 0.5, 0.75, 1, 2, 10}.

@ +?> ¢ {03, 0.6, 3, 6, 12, 18, 30, 60, 150} /(2cw).

@ Ke{0,1,23,4,5,8,11, 16}.

@ Shifts values ~ N(4,1) + 2N(—4,1)

@ Shifts randomly placed at regular intervals separated by 0.1 unit length.
@ n = 200 repetitions : 16200 configurations.

CPU time on cluster MIGALE (Jouy-en-Josas):
@ « known: 66 days (6 minutes per estimation).

@ « unknown: 570 days (52 minutes per estimation).
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log likelihood for the true parameters.
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